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ABSTRACT 

Expressions have been der ived f o r  t h e  impedance of  b i c o n i c a l  

A l i n e a r i z e d  and c y l i n d r i c a l  d i p o l e s  i n  a w a r m  i s o t r o p i c  plasma. 

hydrodynamic d e s c r i p t i o n  was used as a plasma model. 

neglec ted  throughout as they  should modify only  t h e  q u a n t i t a t i v e  

e f f e c t s  and no t  t h e  q u a l i t a t i v e  effects  of  "plasma" waves on impedance. 

C o l l i s i o n s  were 

I n  determining t h e  impedance o f  a c y l i n d r i c a l  d ipo le  i n  in t ima te  

con tac t  wi th  a plasma, t h e  e f f e c t  of  t h e  induced a c o u s t i c  sources  

( f o r c e  and f l u i d  f l u x  d i s t r i b u t i o n s )  on t h e  antenna surface must be 

accounted f o r  i n  a d d i t i o n  t o  the  e f f e c t s  o f  t h e  induced c u r r e n t  

d i s t r i b u t i o n .  

s t a t i o n a r y  formula f o r  impedance which accounts  f o r  t h e  e f f e c t s  of 

a l l  t h e  induced sources .  The main advantage of  t h i s  type  o f  formu- 

l a t i o n  i s  t h a t  it is only  necessary t o  know t h e  f u n c t i o n a l  form o f  

t h e  induced sources  and no t  t h e i r  r e l a t i v e  magnitudes i n  o rde r  t o  ob- 

t a i n  impedance va lues .  

v a r i a t i o n a l  formula t ion .  I n  gene ra l ,  t h e  effect  of  t h e  a c o u s t i c  sou rces  

on impedance was found t o  be q u i t e  small, except  i n  c e r t a i n  i n s t a n c e s .  

This  was accomplished by d e r i v a t i o n  of a s u i t a b l e  

This ,  of cour se ,  i s  an inhe ren t  proper ty  o f  t h e  

I n  t h e  t rea tment  of a b i c o n i c a l  d i p o l e  t h e  antenna was assumed 

t o  be encased i n  an i n s u l a t i n g  d i e l e c t r i c  which i s  immersed i n  a 

plasma. For t h i s  model an exact  express ion  was der ived  f o r  t h e  

t e rmina l  admit tance f o r  very  t h i n  an tennas .  For wide ang le  d i p o l e s  

a v a r i a t i o n a l  express ion ,  which depends on t h e  a p e r t u r e  t a n g e n t i a l  

e l e c t r i c  f i e l d ,  was de r ived .  The admit tance w a s  found t o  be s t r o n g l y  

dependent on t h e  r a t i o  of  t h e  v e l o c i t y  of l i g h t  i n  f ree  space t o  t h e  



iv 

acoustic velocity in the plasma. Compressibility effects seem to be 

quite significant if the acoustical "phase length" of the antenna is 

approximately 20 or less. 

the power radiated in the "plasma" wave. 

The presence of an ion sheath decreased 
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I. INTRODUCTION 

When an antenna is immersed in some medium other than free space, 

its impedance characteristics and radiation pattern may undergo quite 

radical changes depending on the characteristics of the media. 

the antenna is part of a communication system, its impedance should 

be matched to the energy source for efficient power transfer. 

is to be used as a probe to study the media, its impedance properties 

must be well known. 

have led to many investigations of electromagnetic propagation in a 

plasma medium. 

antennas in a warm plasma will be discussed. 

If 

If it 

The extensive space programs now in progress 

In this work the impedance properties of some dipole 

It is a well-known fact, at present, that a warm plasma supports 

essentially two types of wave motion, that is, transverse "electro- 

magnetic" waves and longitudinal "plasma" or acoustic waves. 

work the impedance properties of a biconical dipole encased in a 

dielectric and then immersed in a warm plasma is discussed in addi- 

tion to a cylindrical dipole in intimate contact with a warm plasma. 

In this 

Whale (1963, 1964) has observed experimentally the excitation of 

acoustic and EM waves by rocket-borne antennas in the ionosphere. 

Field (1956) investigated a purely longitudinal (acoustic) wave inci- 

dent on a plasma-free space interface which excites both EM and 

acoustic waves. He found that in some cases the EM wave excited in 

the free space region carries an appreciable amount of power and 

suggested that this mechanism was responsible for radio emission 

from solar corona. In a similar work Wait (1966 a) solved the problem 



of  an  a c o u s t i c  p o i n t  source  i n  a plasma bubble  and found t h e  EM power 

r a d i a t e d  was a t  b e s t  a small f r a c t i o n  of  t h e  o r i g i n a l  source  a c o u s t i c  

power. 

Hessel and Shmoys (1962) de r ived  a p a i r  o f  uncoupled wave 

equa t ions  f o r  t h e  EM and a c o u s t i c  waves i n  a w a r m  plasma and i n d i c a t e d  

t h e r e  would be coupl ing  between t h e  two on ly  a t  a d i s c o n t i n u i t y  i n  t h e  

plasma; however, bo th  e l ec t r i c  and a c o u s t i c  sou rces  can ,  i n  g e n e r a l ,  

gene ra t e  both t y p e s  o f  waves. For  an  e l e c t r i c  d i p o l e  t h e y  found t h e  

r a t i o  o f  t h e  power r a d i a t e d  i n  t h e  a c o u s t i c  wave t o  t h a t  i n  t h e  EM 

wave (P /P ) t o  be p r o p o r t i o n a l  t o  ( c / u ) ~  where c i s  t h e  v e l o c i t y  of 

l i g h t  and u t h e  v e l o c i t y  of sound i n  t h e  plasma. 

ob ta ined  q u i t e  d i f f e r e n t  r e s u l t s  f o r  a p r e s c r i b e d  c u r r e n t  d i s t r i b u t i o n  

on a r i g i d  sphere.  Chen (19641, on t h e  o t h e r  hand, found t h e  r a t i o  

P /P t o  be independent of  c / u  f o r  a t h i n  wire o f  f i n i t e  l e n g t h  wi th  

a s i n u s o i d a l l y  d i s t r i b u t e d  c u r r e n t  wi th  a propagat ion  c o n s t a n t  iden-  

t i c a l  t o  t h a t  of  EM waves i n  t h e  plasma. Seshadr i  (1965) a l s o  found 

P /P p ropor t iona l  t o  ( c / u )  f o r  a two-component plasma. Wait (1964) 

and Wait and Sp ies  (1966) i n v e s t i g a t e d  t h e  impedance o f  an  i n f i n i -  

tesimal s l o t t e d  sphere  i n  a w a r m  plasma. H e  p re sen ted  v a l u e s  f o r  

G (conductance) and AB, t h e  change from t h e  free space  susceptance ,  

P e  
However, t hey  

P e  

3 
P e  

and found a c o u s t i c  e f fec ts  t o  be q u i t e  s i g n i f i c a n t  i n  some cases. 

Fe jer  (1964) cons idered  a d i p o l e  composed o f  two a n t i p h a s e  e x c i t e d  

charged o s c i l l a t i n g  sphe res  and obta ined  r e s u l t s  similar t o  Wait's 

f o r  a c o u s t i c a l l y  l a r g e  an tennas .  Galejs (1966) cons idered  a s l o t t e d  

p lane  backed by a r e c t a n g u l a r  waveguide r a d i a t i n g  i n t o  a s t r a t i f i e d  

w a r m  plasma and de r ived  a v a r i a t i o n a l  expres s ion  f o r  t h e  s l o t  

2 



I 
3 

admittance. Seshadri (1965b) considered a dipole surrounded by a 

cylindrical column of insulation and found the power transferred to 

the acoustic wave to be strongly decreased with increasing sheath 

thickness. 

phenomena for increasing ion sheath sizes. 

Wait and Spies (1966) and Galejs (1966) observed the same 

In a series of three papers Cohen (1961, 1962) extended the 

equivalent source concept to a warm plasma and derived field discon- 

tinuities for given source distributions. Cohen (1962) also considered 

the antenna problem and stated that the acoustic source distribution 

in addition to the current distribution along the antenna contributes 

to impedance. 

short antenna with a triangular current distribution in a warm plasma 

and considered only the effect of electric sources on impedance. 

Kuehl (1966) studied the same problem but solved the Boltzmann equation 

instead of using the simpler hydrodynamic plasma description. 

interesting result of his work is the existence of a real part for the 

impedance for frequencies less than the plasma frequency. Cook and 

Edgar (1966) found that the current distribution along an antenna in 

a warm plasma exhibits both EM and acoustical properties. They then 

considered the contribution of this current distribution to radiation 

resistance. Seshadri (1965 c) and Wait (1966 b) investigated the 

infinite cylindrical dipole fed by a delta function source in a warm 

plasma. Seshadri (1965 d) and Galejs (1965) have investigated the prop- 

ag ation constants for the current distribution along an infinitely 

long cylinder in a warm plasma and found it to contain terms identi- 

fiable with EM and acoustic waves. 

Balmain (1965) treated the problem of an electrically 

An 
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It  i s  evident  from t h e  r e f e r e n c e s  c i t e d  above t h a t  t h e r e  has  been 

a g r e a t  d e a l  of  work done on antenna impedance i n  a w a r m  plasma. How- 

eve r ,  none of t h e s e  have t r e a t e d  t h e  e f f e c t  o f  a c o u s t i c  sou rces  on t h e  

impedance of a c y l i n d r i c a l  d ipo le .  

sources  on impedance i s  d i scussed .  

I n  t h i s  work, t h e  effect  of a c o u s t i c  

S ta t iona ry  formulas are one p o s s i b l e  approach which have been 

used t o  compute antenna impedance. 

s t a t i o n a r y  formula can be der ived  f o r  antenna impedance (Harr ington  

1961) i n  terms of t h e  induced c u r r e n t  on t h e  antenna s u r f a c e .  I n  t h i s  

work a s i m i l a r  s t a t i o n a r y  express ion  w a s  de r ived  f o r  impedance i n  a 

w a r m  plasma i n  terms of both t h e  induced c u r r e n t  and t h e  f o r c e  d i s t r i -  

bu t ion  on the  antenna su r face .  A convenient  c h a r a c t e r i s t i c  of  

s t a t i o n a r y  formulas is  t h e i r  independence of t h e  t r i a l  f u n c t i o n s  mag- 

n i tude .  Because o f  t h i s ,  it was p o s s i b l e  t o  assume only  t h e  f u n c t i o n a l  

form of  t h e  cu r ren t  d i s t r i b u t i o n  and f o r c e  d i s t r i b u t i o n s ,  as  t h e  

r e l a t i v e  weighting of t h e i r  magnitudes i s  inhe ren t  i n  t h e  s t a t i o n a r y  

formula t ion  o f  t h e  problem. 

For antennas  i n  free space a 

The major problem i n  t h e  v a r i a t i o n a l  formula t ion  i s  guess ing  t h e  

t r i a l  func t ions  a c c u r a t e l y .  

w a s  used t o  ob ta in  d e t a i l e d  numerical  r e s u l t s .  

i n  f r e e  space has  been i n v e s t i g a t e d  e x t e n s i v e l y  by Schelkunoff (1946) ,  

T a i  (1948, 1949) and Smith (1948) .  I n  f ac t ,  t h e  t h i n  b i c o n i c a l  d i p o l e  

i s  one of t he  f e w  antenna boundary va lue  problems f o r  which an "exact"  

s o l u t i o n  has  been obta ined .  The bicone l ends  i tsel f  t o  mathematical  

a n a l y s i s  as the  r eg ion  between t h e  cones i s  a s p h e r i c a l  t r ansmiss ion  

l i n e  f o r  which modal s o l u t i o n s  may be der ived  i n  terms of well-known 

f u n c t i o n s .  

For t h i s  reason  a d i f f e r e n t  antenna model 

The b i c o n i c a l  d i p o l e  
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Because of t h i s ,  one would hope t h a t  a similar a n a l y s i s  might be 

p o s s i b l e  f o r  a bicone i n  a w a r m  p l a s m a .  

t h e  case. 

f o r  "plasma" and "EM" waves are d i f f e r e n t  i n  t h e  r a d i a l  d i r e c t i o n .  

However, t h e  a n a l y s i s  i s  mathematically t r a c t a b l e  i f  one t r e a t s  a 

bicone surrounded by a d i e l e c t r i c  sphere which i n s u l a t e s  t h e  antenna 

from t h e  plasma. 

e x t e n s i v e  numerical  d a t a  i s  presented.  The t h i c k  b i c o n i c a l  antenna,  

on t h e  o t h e r  hand, i s  solved only approximately by means of a v a r i a -  

t i o n a l  formula,  bu t  it i l l u s t r a t e s  q u i t e  e f f e c t i v e l y  t h e  effects  o f  

an ion  sheath o r  i n s u l a t i n g  l a y e r  on impedance. 

Unfortunately,  t h i s  i s  no t  

The main d i f f i c u l t y  arises because t h e  propagat ion c o n s t a n t s  

For t h i n  antennas an exact s o l u t i o n  w a s  ob ta ined  and 
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11. FORMULATION OF THE IMPEDANCE PROBLEM FOR A 

CYLINDRICAL DIPOLE I N  A WARM PLASMA 

2.1 Basic Equations and a Statement  o f  t h e  Rec ip roc i ty  P r i n c i p l e  f o r  

a W a r m  Plasma 

It i s  well  known a t  p re sen t  t h a t  an an tenna  immersed i n  a w a r m  

plasma gene ra t e s  both t r a n s v e r s e  e l ec t romagne t i c  waves and l o n g i t u d i n a l  

plasma waves. 

which can genera te  t h e s e  waves ( s e e  Cohen, 1962, p a r t  11). They are 

an e l ec t r i c  c u r r e n t  source  7, a magnetic c u r r e n t  source  IT, a f l u i d  

f l u x  source  Q and a mechanical body source  F, r e s p e c t i v e l y .  

There are e s s e n t i a l l y  f o u r  g e n e r a l  t y p e s  o f  sou rces  

If t h e  s i n g l e  component f l u i d  model i s  used f o r  t h e  plasma wi th  

t h e  assumptions t h a t  t h e  e f f ec t s  of  c o l l i s i o n s  are n e g l i g i b l e ,  t h e  

d r i f t  v e l o c i t y  is  ze ro ,  and e time dependence, t h e  b a s i c  l i n e a r i z e d  

( low- leve l  r-f f i e l d s )  equa t ions  are as g iven  by Cohen (1962, p a r t  11) 

and are repea ted  he re  f o r  convenience: 

j u t  

where 

m = e l e c t r o n  mass 

-e = e l e c t r o n  charge 

'v = mean e l e c t r o n  v e l o c i t y  
- 
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n 

P = pres su re  dev ia t ion  o f  e l e c t r o n s  from t h e  mean 

= average e l e c t r o n  dens i ty  ( c o n s t a n t )  
0 

1 

n = v a r i a t i o n  i n  e l e c t r o n  dens i ty  

n = n + n = t o t a l  e l e c t r o n  d e n s i t y  

P average e l e c t r o n  p r e s s u r e  ( c o n s t a n t )  

P = P + P = t o t a l  p re s su re  

u = rms v e l o c i t y  of e l e c t r o n s  plasma wave v e l o c i t y  ( c o n s t a n t )  

1 

0 1 

0 

0 1  

The a d i a b a t i c  gas l a w  ( T  any-') with  y = 3 y i e l d s  a r e l a t i o n s h i p  

between P and n.  

( 2 - 5 )  

and 

Equat ions ( 2 - 1 )  and (2-2) are t h e  u s u a l  Maxwell equa t ions  with an 

induced source term due t o  t h e  motion o f  charge i n  t h e  plasma. 

Equation (2 -3 )  i s  t h e  equat ion  of motion and (2-4) is  t h e  c o n t i n u i t y  

( p a r t i c l e  conse rva t ion )  equat ion f o r  t h e  e l e c t r o n  gas .  

1 by On combining equat ions  (2-1) - (2-4) and s u b s t i t u t i n g  f o r  n 

means of  equat ion  (2-61, two sepa ra t e  wave equa t ions  can be de r ived  

for K (EM waves) and P1 (plasma waves). They are 



2 
where LA = - = square of t h e  plasma frequency i7,e 

P WI E ,  

2 2 
k o =  &)A = f r e e  space propagat ion cons t an t  

0 0  

z z  u*-d(LJp =a/cl ,g = EM wave propagat ion  cons t an t  k l  = flz 0 
b 

x 
=: ( c , / & ) ~  k, = plasma wave propagat ion cons t an t  k; 

The remaining f i e l d  components a r e  de r ivab le  from K and P by means 1 

of  Equations (2-1) - ( 2 - 4 ) .  

A r e c i p r o c i t y  p r i n c i p l e  may be der ived  f o r  a w a r m  plasma i n  a 

manner s i m i l a r  t o  t h a t  used f o r  f i e l d s  i n . f r e e  space .  Consider two 

d i f f e r e n t  source d i s t r i b u t i o n s  i n  t h e  same plasma which g ive  r i se  t o  

two sets of f i e l d s  as shown i n  Figure 1. 

expansion of t h e  v e c t o r  product  v* ( 5 4  $,- i,x r, t? TL-& 7, ) 
y i e l d s  t h e  fol lowing r e l a t i o n s h i p :  

8 

8 
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no = E l e c t r o n  D e n s i t y  

Figure 1. Geometry used i n  determination of reciprocity principle 
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I n t e g r a t i n g  over  t h e  volume V and u t i l i z i n g  t h e  divergence 

y i e l d s  

L e t t i n g  S tend t o  i n f i n i t y  and invoking t h e  r a d i a t i o n  cond i t ion  of 

outgoing waves a t  i n f i n i t y  y i e l d s  
1 

Thus, t h e  s ta tement  o f  t h e  r e c i p r o c i t y  p r i n c i p l e  i n  a w a r m  plasma i s  

The volume i n t e g r a l s  i n  t h e  above w i l l  be denoted as t h e  r e a c t i o n  of 

an appropr i a t e  f i e l d  wi th  an appropr i a t e  source  i n  analogy wi th  t h e  

work of Rumsey (1954) .  The symbol 

.- 
w i l l  be c a l l e d  t h e  r e a c t i o n  of t h e  f i e l d s  due t o  source  1 wi th  source 

2 .  Hence, i n  a w a r m  i s o t r o p i c  plasma t h e  r e c i p r o c i t y  p r i n c i p l e  may 

be conc i se ly  expressed as 

'For a n i s o t r o p i c  plasmas it i s  not  immediately obvious t h a t  t h i s  t ype  
of r a d i a t i o n  cond i t ion  i s  c o r r e c t  as t h e  d i r e c t i o n  of  energy flow 
and wave propagat ion a r e  no t  n e c e s s a r i l y  t h e  same. 
does not  a r i s e  i n  a w a r m  i s o t r o p i c  plasma, however. 

Th i s  phenomenon 

I 
I 
I 
8 
1 
R 
8 
1 
8 
I 
8 
I 
1 
1 
t 
I 
I 



2 . 2  V a r i a t i o n a l  Expression f o r  the Impedance of a Gen.era1 Antenna i n  

a W a r m  P lasma 

The problem geometry i s  shown i n  Figure 2a. A c u r r e n t  source I 
C 

i s  connected t o  two p e r f e c t  e l e c t r i c  conductors immersed i n  a w a r m  
- 

plasma and g e n e r a t e s  f i e l d s  P and . The boundary c o n d i t i o n s  c y  Hc, c C 

a t  t h e  surface of t h e  conductor a r e  assumed t o  be 

( 2-12 ) 

where a i s  a cons t an t  which depends on t h e  c h a r a c t e r i s t i c s  of t h e  

plasma and antenna.  

e l e c t r i c  f i e l d s  a t  t h e  s u r f a c e  of a p e r f e c t  e l e c t r i c  conductor .  

second of t h e s e  w a s  o r i g i n a l l y  p o s t u l a t e d  by Cohen (1962) as being more 

r e a l i s t i c  than  t h e  usua l  one which r e q u i r e s  A - v = o a t  t h e  conductor 

s u r f a c e .  Wait (1966 c )  has  a l s o  used t h i s  “ s o f t  w a l l ”  boundary 

c o n d i t i o n .  

The first of t h e s e  i s  t h e  u s u a l  one f o r  t a n g e n t i a l  

The 

- 

The antenna impedance is the  q u a n t i t y  of i n t e r e s t  he re .  The 

i d e a l  method of determining t h i s  would be t o  s o l v e  Equations (2-1) - 

(2-4) under t h e  c o n s t r a i n t s  o f  t he  a p p r o p r i a t e  boundary c o n d i t i o n s  

(2-12).  I n  g e n e r a l  t h i s  i s  impossible t o  do even f o r  antennas i n  f r e e  

space.  

antenna impedance. 

guess  t h e  c u r r e n t  d i s t r i b u t i o n  along t h e  antenna,  compute t h e  f i e l d s  

due t o  t h i s  c u r r e n t  d i s t r i b u t i o n  i n  t h e  plasma and t h e n  use t h e  f a m i l -  

iar expres s ion  

Hence, one must r e s o r t  t o  approximate means f o r  computing t h e  

One p o s s i b l e  method of a t t a c k  he re  would be t o  

(2-13 ) 

t o  compute t h e  impedance. Note 7 g e n e r a t e s  both plasma and EM waves. 
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This  method of s o l u t i o n  has  been used by Kuehl (1966) and Balmain(1965) 

t o  compute t h e  impedance of a c y l i n d r i c a l  d i p o l e  i n  a w a r m  plasma. 

This  method, while  c o r r e c t  ( Jo rdan ,  1950) f o r  an tennas  i n  f r e e  

space ,  i s  of  ques t ionable  v a l i d i t y  f o r  an tennas  i n  a w a r m  plasma. 

antenna immersed i n  a w a r m  plasma w i l l  have no t  on ly  an induced c u r r e n t  

i n  t h e  antenna conductors  but  a l s o  an induced f o r c e  d i s t r i b u t i o n  and 

f l u i d  f l u x  d i s t r i b u t i o n  a long  t h e  conductors .  

by Cohen (1962), who a l s o  observed t h a t  it may no t  be p o s s i b l e  t o  

neglect t h e  effect  of  t h e s e  a c o u s t i c  sources  on antenna impedance. 

The fo l lowing  c o n t a i n s  a d e r i v a t i o n  of an  express ion  which t a k e s  i n t o  

account t h e  e f f e c t  of t h e s e  a c o u s t i c  sou rces .  

An 

Th i s  w a s  po in t ed  ou t  

For an antenna i n  f r e e  space it i s  p o s s i b l e  t o  r e p l a c e  t h e  

antenna conductors  by an equiva len t  source  ( t h e  induced c u r r e n t  i n  

t h e  an tenna)  which g i v e s  r i se  t o  t h e  same f i e l d s  as t h e  antenna ex- 

t e r i o r  t o  t h e  antenna conductors and ze ro  f i e l d s  i n s i d e  t h e  conductors .  

Fo r  an antenna immersed i n  a w a r m  plasma t h i s  is  s t i l l  p o s s i b l e ;  how- 

e v e r ,  t h e r e  w i l l  be a d d i t i o n a l  a c o u s t i c  sou rces .  

Consider Figure 2b. From Cohen's (1962, p a r t  11) Equat ions 4 . 1  - 

4 . 7 ,  which con ta in  a summary of  va r ious  sou rces  and t h e  appropr i a t e  

f i e l d  d i s c o n t i n u i t i e s ,  it i s  ev ident  t h a t  t h e  sur face  sources  as shown 

i n  2b produce t h e  same f i e l d s  e x t e r i o r  t o  t h e  antenna r eg ion  as t h e  

antenna and ze ro  f i e l d s  i n  t h e  i n t e r i o r  r eg ion .  Th i s  i s  simply one 

s ta tement  of  t h e  equivalence theorem f o r  metal conductors  i n  a w a r m  

plasma. Thus, i f  one could i n  some way a s c e r t a i n  t h e  va lues  of  t h e  

equ iva len t  s u r f a c e  source d i s t r i b u t i o n s  a long  t h e  antenna s u r f a c e ,  it 

would be r e l a t i v e l y  s imple,  i n  p r i n c i p l e ,  t o  compute t h e  f i e l d s  
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exterior to the antenna by use of suitable superposition integrals 

and ultimately determine the antenna impedance. 

Consider the reaction of source S(c) with field F(c) where source 

c is composed of the actual antenna current source I 

priate equivalent surface sources. 

and the appro- 
C 

From (2-11) this is 

v c  

where V is the volume occupied by I and the equivalent sources. 

From the boundary conditions as shown in Figure 2a, Ks = 0 as fi x E 

on the antenna surface. 

C C 
- 

= 0 
C 

at the antenna surface. Then 

% 5 " P  

where V and I are the input current and voltage for the antenna, in in 

respectively. The 

Hence 

or alternatively 1 

(2-14) 

Note the similarity between (2-14) and (2-13). However, (2-14) also 

considers the effect of acoustic sources on impedance. 

It is a well known fact that expression (2-13) is a variational 

expression for the input impedance of an antenna in free space. That 
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i s ,  a f irst  o r d e r  error i n  an estimate of t h e  induced c u r r e n t  a long t h e  

antenna r e s u l t s  i n  only a second o r d e r  e r r o r  f o r  t h e  impedance 

(Harr ington,  1 9 6 1 ) .  The quest ion he re  i s  whether (2-14) has t h e  same 

c h a r a c t e r i s t i c  f o r  antennas i n  a w a r m  plasma. 

- a  a If t r i a l  s u r f a c e  source d i s t r i b u t i o n s  7 s a , Fs and Qs are assumed 

on t h e  antenna s u r f a c e ,  t h e  formula f o r  i n p u t  impedance (Equation (2-14) 

where I 

t i o n  a t  t h e  antenna s u r f a c e  

is  t h e  i n p u t  c u r r e n t .  Note, because of t h e  boundary condi- i n  

2 -7 =o( P 
- a  a Fs and Qs a r e  r e l a t e d  by t h e  equat ion 

a where Ps and 7 a are t h e  p r e s s u r e  and v e l o c i t y  f i e l d s  due t o  t h e  

- a  a assumed s u r f a c e  sou rces  7 a and Q a t  t h e  antenna s u r f a c e .  The 

impedance as c a l c u l a t e d  i n  (2-15) i s  s t a t i o n a r y  about i t s  c o r r e c t  

S 

s , Fs S 

va lue ,  as w i l l  now be shown. The r e a c t i o n  

but  a t  t h e  antenna s u r f a c e  

hence 



Thus 

Due t o  r e c i p r o c i t y  < F ( c ) ,  S ( a ) >  = < F ( a ) ,  S ( c ) > .  However, it i s  easy  

to show t h a t  < F ( a ) ,  S(a).  i s  s t a t i o n a r y  about  t h e  c o r r e c t  Value 

< F ( c ) ,  s ( c ) >  i f  t h e  c o n s t r a i n t s  

ho ld .  See Harrington (1961 ,  p.341) f o r  d e t a i l s .  

I n  conclusion,  t h e  express ion  i n  Equation (2-15)  i s  s t a t i o n a r y  

about t h e  co r rec t  va lue  for t h e  antenna impedance when t h e  boundary 

cond i t ions  a re  as given i n  (2-12). It  i s  convenient  t o  s p l i t  t h e  

assumed source d i s t r i b u t i o n  a i n t o  two p a r t s ,  u (for e lec t romagnet ic  

sou rces )  and v (for a c o u s t i c  s o u r c e s ) .  That i s ,  source  a -f 

- a  - i s  composed of u and v where u + UT and v +. 
S - Js 

- u  - v  V 
Note t h a t  Js , Fs 

d i s t r i b u t i o n s ,  whereas U and V a r e  unknown c o n s t a n t s  which are t o  be 

determined. The boundary cond i t ion  - = aP r e q u i r e s  t h a t  k * = 

Qs /ano. 

and Qs are t h e  f u n c t i o n a l  forms of t h e  appropr i a t e  

S 

V The c o n s t r a i n t s  on source a are t h a t  

I n  terms of the  sources  u and v t h i s  c o n s t r a i n t  w i l l  be s a t i s f i e d  if 
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I n  o r d e r  t o  s i m p l i f y  t h e  n o t a t i o n ,  t h e  fo l lowing  d e f i n i t i o n  w i l l  be 

used : 

with  similar d e f i n i t i o n s  f o r  <u,  u > ,  <v, v>, and < c y  v>. 

The fo l lowing  equa t ions  are then  obta ined  f o r  U and V :  

where < c y  u> and < c y  v> w i l l  be determined l a t e r .  

Thus. 
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On applying the boundary conditions at the antenna surface, it can be 

VV 

or 

This is similar to Balmain's (1965) expression for input impedance. 

In fact, the first term in (2-16) is the expression he used for 
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impedance. 

a c o u s t i c  sources .  A l l  one h a s  t o  do now i s  guess  t h e  f u n c t i o n a l  form 

of  t h e  sources  as t h e  r e l a t i v e  magnitudes U and V have been determined, 

so lve  f o r  t h e  f i e l d s  due t o  these  sou rces  i n  an i n f i n i t e  homogeneous 

plasma and s u b s t i t u t e  i n t o  (2 -16 )  t o  determine t h e  impedance. 

t h a t  (2-16) i s  independent of t he  source  f u n c t i o n ' s  magnitude as 

expected.  

The second term i n  (2-16) i s  t h e  c o r r e c t i o n  due t o  t h e  

Note 

I n  t h e  next  s e c t i o n  t h e s e  computations were c a r r i e d  o u t .  I n  
- 

order t o  s impl i fy  t h e  computations,  it w a s  assumed t h a t  fi * v = 0 a t  

t h e  antenna s u r f a c e .  This  means t h a t  Q = 0 .  Hence, (2-16) s i m -  

p l i f i e s  and y i e l d s  t h e  fol lowing express ion  f o r  i npu t  impedance on 

t ak ing  l i m i t s  i n  t h e  u s u a l  way a s  a+O. 

r e d e r i v e  an impedance expression by simply assuming fi * v = 0 i n i t i a l l y .  

This  i s  much s impler  and y i e l d s  t h e  same r e s u l t  as t h e  l i m i t i n g  case, 

S 

A l t e r n a t i v e l y ,  one could 
- 

a+o . 

1 - Z  Ln (2-17 ) 

2.3 Transform So lu t ion  of t h e  Wave Equat ions and a Formula f o r  t h e  
Impedance of a Short  Dipole 

Equation (2-17) i s  a v a r i a t i o n a l  express ion  f o r  t h e  impedance of 

a c y l i n d r i c a l  d i p o l e  i n  w a r m  plasma. 

t o  be r i g i d  f o r  a c o u s t i c  waves ( i . e . ,  n - v = 0 a t  t h e  antenna su r -  

f a c e ) .  For e l e c t r i c a l l y  s h o r t  an tennas  it appears  t o  be reasonable  

The antenna s u r f a c e  i s  assumed 

A -  

t o  assume a symmetric t r i a n g u l a r  c u r r e n t  d i s t r i b u t i o n  along t h e  
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antenna su r face .  

t h e r e  has been no 

However, t o  t h e  b e s t  of t h i s  a u t h o r ' s  knowledge, 

work done on determining t h e  f o r c e  d i s t r i b u t i o n  

along conductor s u r f a c e s .  

f e e l i n g s  as t o  t h e  gene ra l  shape it should assume. 

symmetry i t  w i l l  be an asymmetric func t ion  about t h e  c e n t e r  of  t h e  

antenna f o r  a c y l i n d r i c a l  d i p o l e .  

e s t ima te  as t o  w h a t  t h e  a c t u a l  f o r c e  d i s t r i b u t i o n  i s  i n  o rde r  t o  

ensure  t h a t  t he  express ion  f o r  antenna impedance ( 2 - 1 7 )  y i e l d s  a c c u r a t e  

I n  f ac t ,  one no longer  has  any i n t u i t i v e  

Obviously,  due t o  

Moreover, one must have a good 

r e s u l t s .  

However, i n  o r d e r  t o  o b t a i n  t h e  a c t u a l  c u r r e n t  and f o r c e  d i s t r i -  

bu t ions  along t h e  antenna s u r f a c e ,  a p a i r  of  coupled i n t e g r a l  equa t ions  

must be solved ( s e e  Cohen, 1 9 6 2 ,  p a r t  111). Th i s  i s  a formidable  t a s k  

i n  i t s  own r i g h t  and w i l l  no t  be pursued any f u r t h e r  he re .  

work a r e l a t i v e l y  simple t r i a l  func t ion  w i l l  be assumed f o r  both t h e  

c u r r e n t  and fo rce  d i s t r i b u t i o n  along t h e  antenna s u r f a c e  as shown i n  

Figure 3.  

va lue  f o r  t he  impedance, it should y i e l d  informat ion  about t h e  r e l a t i v e  

e f f e c t s  of the  e lec t romagnet ic  sources  and a c o u s t i c  sou rces  on 

I n  t h i s  

Even though t h i s  may no t  y i e l d  an "extremely accura te ' '  

impedance. 

The problem geometry and t h e  assumed form of 7 and a r e  
S S 

shown i n  Figure 3 where 6 ( r - a )  is  t h e  Dirac d e l t a  func t ion  and r ( z+R)  

i s  a u n i t  ramp. 

w i l l  be func t ions  o f  r and z a lone  and K w i l l  have a component only 

i n  t h e  0 d i r e c t i o n .  Rewri t ing equat ions  (2 -7 )  and ( 2 - 8 )  y i e l d s  t h e  

fo l lowing  wave equat ions  f o r  EM and plasma waves, r e s p e c t i v e l y ,  

Due t o  symmetry t h e  f i e l d s  induced by t h e s e  sou rces  

(2-18) 

I 
4 

I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
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112 

Figure 3. Problem geometry and the assumed current and force 
distributions 
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I n  computing t h e  r e a c t i o n s  

(2-19) 

it w i l l  be necessary t o  know only t h e  v a l u e s  of E z and v r a t  t h e  

antenna su r face  (r  = a ) .  

(2-1) - (2-4) and a r e  

These can be e a s i l y  determined from Equat ions 

( 2 - 2 0 )  

( 2-21)  

Equations (2-18) and (2-19) can be solved by a s u i t a b l e  use  of 

t h e  Four i e r  and Hankel t r ans fo rms .  The t r ans fo rm p a i r  which w i l l  be 

used i s  

(2-22 

E s s e n t i a l l y  t h e r e  are f o u r  d i s t i n c t  t y p e s  of f i e l d s  gene ra t ed  

by t h e  two assumed source d i s t r i b u t i o n s .  They a r e :  

1) 

2 )  

3) 

4 )  

an EM wave due t o  7 

an EM wave due t o  Fs 
a plasma (or a c o u s t i c )  wave due t o  

a plasma wave due t o  Fsv 

S 
V 

S 

22 

m 
8 
I 
I 
I 
I 
I 
I 
5 
1 
u 
I 
I 
I 
I 
I 
I 
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The c o n t r i b u t i o n s  of t h e s e  f i e l d s  t o  t h e  t o t a l  antenna impedance w i l l  

be denoted by ZJEM, Z J P ,  for 1) and 3 ) , r e s p e c t i v e l y ,  and Z F  f o r  t h e  

c o n t r i b u t i o n  due t o  2 )  and 4 ) .  

Previous au tho r s  have considered only  t h e  e f f e c t s  o f  1) and 3 )  

- u  
S 

on antenna impedance. The EM wave genera ted  by J c o n t r i b u t e s  

e s s e n t i a l l y  only  an imaginary pa r t  t o  t h e  t o t a l  impedance as t h e  

antenna i s  assumed t o  be e l e c t r i c a l l y  s h o r t .  

is de r ived  i n  Schelkunoff and F r i i s .  It is 

An express ion  for t h i s  

(2-24) 

Consider t h e  plasma wave due t o  7 u.  It  sat isf ies  t h e  fo l lowing  
S 

wave equat ion  

Using t h e  t ransform 

t h i s  equat ion  g i v e s  

2 

p a i r  (2-22) and (2-23) wi th  m = 0 t o  t ransform 

F r o m  Equation (2-20) 

and t h e r e f o r e  - 
(2-26) 

-., 

On so lv ing  (2-25) f o r  P,, s u b s t i t u t i n g  t h i s  r e s u l t  i n t o  (2-26) and 
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taking the inverse transform, the following expression is obtained 

(2-27) 

The reaction of this field with 7 is needed for the determina- 
S 

tion of ZJP. It will be denoted by <u, u> P 

(2-28) 

where a is 2 2 = -a For the present, assume w < w and then define k P P P P 
now > O .  Then if it is assumed R e J m ' 7 O  , the k integration r 
in Equation (2-27) may be easily performed by using the calculus of 

residues yielding for z > 0. 

J YL+ 4; 

On substituting (2-29) into (2-28) and performing the z integration, 

the following expression results for <u, u> P 
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But 

The o t h e r  r e a c t i o n s  needed may be computed i n  a similar manner 

and expressed as i n t e g r a l s  only over t h e  t ransform v a r i a b l e  y also 

and hence, only t h e  f i n a l  r e s u l t s  are given he re .  The only modifi-  

c a t i o n  necessary i s  l e t t i n g  k = -a f o r  w<w and i n  t ransforming 

Equation (2-18) 
e e P 

- 1  

Here i n  us ing  t h e  transform p a i r  (2-22) and (2-231, one must set  

2 2 9  m 1, which y i e l d s  (k 

above equat ion.  

t y2 - k ) H e  f o r  t h e  l e f t  hand s i d e  of t h e  e 

The fo l lowing  expres s ions  are then  ob ta ined  f o r  t h e  

(2-31) 
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I C  

(2-32) 

where the first term in (2-32) is due to the EM waves generated by 

Fs 
substituting y for ya and letting p = a/P. in Equations (2-30) - (2-32), 

the following expressions are obtained for w < o  

- v  and the second term represents the plasma wave contribution. On 

P 

2 = E J - E M t  Z J ? + Z F  
i h  

where 

.7 

(2-33) 

(2-34) 
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(2-35)  

- f 0 

-13 

t4- 

J 

( 2 - 3 6 )  
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where 

i5 = = wave impedance of  free space 
0 

k R = free space "phase length"  of  antenna 

a R = k R = e l e c t r i c a l  "phase length"  of antenna 

a R ( c / u ) a  R = a c o u s t i c a l  "phase l eng th"  o f  antenna 

0 

e 0 

e P 
Note t h a t  a l l  t h e  impedances are r e a c t i v e  i n  t h i s  case, as r e l a t i v e l y  

l i t t l e  r a d i a t i o n  t a k e s  p l ace  f o r  w<w . 
(2-35) and (2-36)  are both f ree  of p o l e s  a long  t h e  p o s i t i v e  r e a l  a x i s  

The i n t e g r a l  expres s ions  i n  
P 

and converge t o  zero p rope r ly  as y t e n d s  t o  i n f i n i t y  and hence are 

r e l a t i v e l y  easy t o  i n t e g r a t e  numer ica l ly  on a d i g i t a l  computer. 

s u b s t i t u t e d  f o r  -ae2 and -a '. That i s ,  

Ir J$Cb-) 8 
P 

2 x  z Jp= 
N - X )  J W ' J  v 

When OW t h e  express ions  f o r . t h e  necessary  r e a c t i o n s  a r e  t h e  
P 

2 
same as those g iven  i n  Equat ions (2-30) - (2-32) i f  k and k are 

e P 

c 

(2-37 ) 

(2-38) 
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(2-39) 

Here a small amount o f  loss has  been in t roduced  (k and k are 
e P 

s l i g h t l y  complex) and t h a t  branch of  t h e  square  r o o t  is  chosen which 

makes 

(2-40) 

The loss is e s s e n t i a l l y  due t o  t h e  i n t r o d u c t i o n  of  c o l l i s i o n s  i n  t h e  

f o r c e  equat ion  (2-3) .  The r e l a t i v e  magnitude of t h i s  effect  depends 

on t h e  r a t i o  of t h e  c o l l i s i o n  frequency v t o  t h e  f o r c i n g  frequency w. 

I t  can e a s i l y  be shown t h a t  c o l l i s i o n s  s h i f t  k 

real  a x i s  i n t o  t h e  lower h a l f  of t h e  y plane  as shown i n  F igure  4 .  

I n  t h e  ionosphere t h e  v/w r a t i o  i s  u s u a l l y  <<1 and hence, t h i s  e f fec t  

w i l l  be neg lec t ed  i n  (2-37) - (2-391, but  it i n d i c a t e s  how t h e  contour  

of i n t e g r a t i o n  must be indented as shown i n  Figure 4 ,  and a l s o  t h e  

and ke o f f  t h e  p o s i t i v e  
P 
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correct contour of  integration 
for no loss case 

kp(no loss) 
fi - m 

ke( no loss) 

Q) (loss) 
ke 

mk ( loss) Y A X I S  
P 

Figure 4. Contour of integration used in determining inverse 
Hankel transform 
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1 
E proper  branch t o  choose f o r  t h e  square r o o t s  Jy2 - k 2 ,  and J y 2  - k e '. 

P 
On cons ide ra t ion  of t h e  c o n s t r a i n t s  on t h e  above square r o o t s  i n  

t h e  l o s s y  case  i n  conjunct ion with Figure 4 ,  it can be shown t h a t  i n  

t h e  no-loss case t h e  square roots a r e  f o r  

where t h e  p o s i t i v e  value is  taken for t h e  square r o o t s  on t h e  far 

r i g h t  i n  t h e  above. Consider t h e  i n t eg rand  i n  Equation (2-'37) 

On expanding t h e  bracketed term i n  a power ser ies ,  it can be shown 

t h a t  t h i s  f u n c t i o n  i s  w e l l  behaved a t  y = k 

from 0 t o  00 p r e s e n t s  no problem. 

and hence, i t s  i n t e g r a t i o n  
P 

A similar argument shows t h a t  t h e  

in t eg rand  i n  Equation (2 -38) ,  which is  of t h e  form 

0 
I 
f 

has a s i n g u l a r i t y  of t h e  form 1/J y - ke a t  ke . However, t h i s  

s i n g u l a r i t y  is i n t e g r a b l e  and once aga in  t h e  i n t e g r a l  from 0 t o  m 

p r e s e n t s  no problem. 

YP YP 

The f i r s t  i n t eg rand  i n  (2 -39)  
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is  w e l l  behaved a t  y = ke and i t s  i n t e g r a t i o n  p r e s e n t s  no problem. 

For t h e  second term,  

‘a3 J p - 4  t 4 e  

it i s  a d i f f e r e n t  s t o r y .  

y = k- and i ts  c o n t r i b u t i o n  must be taken  i n t o  account .  

I t  has  a po le  of t h e  form l/(y - k ) a t  
P 

I n  f ac t ,  it 
J? 

was found t h a t  just t ak ing  t h e  p r i n c i p a l  va lue  of 

r e s u l t s  which a r e  p h y s i c a l l y  meaningless ( e . g .  , t h e  r e a l -  p a r t  of ZF 

w a s  found t o  be nega t ive  i n  some c a s e s ) .  The c o r r e c t  way t o  e v a l u a t e  
m 

t h e  1 - f ( y )  dy is  
0 Y -kp 

( 2-41 1 

where t h e  second term i s  t h e  po le  c o n t r i b u t i o n  and t h e  d i r e c t i o n  of  

i n t e g r a t i o n  around t h e  po le  i s  as shown i n  Figure 4 .  There w a s  no 
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problem i n  t h i s  case  w i t h  phys i ca l ly  i n c o n s i s t e n t  r e s u l t s  and t h e  

p r i n c i p a l  va lue  i n t e g r a l  i s  r e l a t i v e l y  easy  t o  do numerical ly  on a 

d i g i t a l  computer. 

After u t i l i z a t i o n  of Equations (2-37) - (2-41) and some a l g e b r a i c  

s i m p l i f i c a t i o n ,  t h e  fol lowing impedance expres s ions  wereobtained f o r  

t h e  case o w  
P 

(2-42) 

(2-43) 

(2-44) 
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(2 -45)  

R 
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(2 -46)  

X +- 
I - x  j" 
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a 
1 
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(2-47) 

Note t h a t  i n  t h i s  case o w  

which t u r n s  out  t o  be apprec i ab le  i n  some cases. 

t h e r e  i s  a real  p a r t  f o r  t h e  impedance 
P' 

I n  t h e  above 

k R = 

k R = (c /u)k R = a c o u s t i c a l  "phase l eng th"  of t h e  antenna 

Numerical Computations and Discussion o f  R e s u l t s  

The numerical  i n t e g r a t i o n s  were performed on t h e  7094 computer 

koR = e l e c t r i c a l  "phase l eng th"  of t h e  antenna e 

P e 

2.4 

f a c i l i t y  u s ing  an a v a i l a b l e  Gauss quadra tu re  sub rou t ine .  

sub rou t ines  were a l s o  used t o  generate  t h e  Bessel f u n c t i o n s .  

similar i n t e g r a l s  con ta in ing  products o f  Bessel f u n c t i o n s  over a 0 

L ib ra ry  

Several  

t o  m range f o r  which an exac t  value was known were a l s o  computed using 

t h e  same subrou t ines .  In  these  c a s e s  t h e  e r r o r  was found t o  be l e s s  

t han  1 percen t .  

t o  be meaningful. 

Hence, t h e  numerical r e s u l t s  are s u f f i c i e n t l y  a c c u r a t e  

The r e s u l t s  are g iven  i n  Tables 1-6.  The impedance depends on 

t h e  fol lowing parameters :  

frequency t o  t h e  o p e r a t i n g  frequency) ,  a R or k R ( t h e  e l e c t r i c a l  "phase 

l eng th"  o f  t h e  a n t e n n a ) ,  a R or k II ( t h e  a c o u s t i c a l  "phase l eng th"  of 

t h e  an tenna ) ,  and p ( t h e  r a t i o  o f  antenna r a d i u s  

X (square o f  t h e  r a t i o  o f  t h e  plasma 

e e 

P P 
t o  h a l f  l e n g t h ) .  

A s  expected t h e  impedance scales i n  frequency. Temperature effects  
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show up i n  the r a t i o  of  ae/a 

p r o p o r t i o n a l  t o  t h e  square r o o t  of t h e  tempera ture .  

or ke/k 
P P 

which i s  equa l  t o  u / c .  u is 

I n  Table 1 X ,  ct R and p a r e  he ld  cons t an t  while  a R i s  v a r i e d  by e P 
varying c /u .  

Table 1. Effects of Electr ical  Phase Length (aeR) on Impedance 

X = 1.25, ci R = 20, p = .05 
P 

BJEM ZJP - a R  c/u e i n  e - - 

j2395 -j756 -j2.93 j 1636 .20 100 

j23949 -j7563 -j29.6 j16357 .02 1000 

j239490 - j 75631 -j296 j163570 .002 10,000 

j11975 - j 3782 -j14.8 j 8178 .04 500 

j 119750 - j 37815 -j148 j81783 .004 5000 

2 
I t  can be seen t h a t  plasma waves in f luence  t h e  impedance i n  t h i s  case. 

However, t h e  r e l a t i v e  e f f e c t  i s  independent of cieR (or c / u >  for a f i x e d  

a R as t h e  impedances a r e  p ropor t iona l  t o  l/a R .  Z J P ,  ZJEM, and Zin 

are i n  t h e  same o rde r  of magnitude, but  ZF i s  s e v e r a l  o r d e r s  of  mag- 

n i t u d e ,  bu t  ZF i s  s e v e r a l  o r d e r s  of magnitude lower and t h u s  t h e  effect  

e P 

of  t h e  a c o u s t i c  sources  on impedance i s  n e g l i g i b l e  i n  t h i s  c a s e .  Note 

t h a t  BJEM i s  an induc t ive  impedance f o r  w<w 

t i v i t y  of t he  plasma (1 - x )  i s  less than  ze ro .  

as  t h e  r e l a t i v e  permit-  
P 

Table  1 i n d i c a t e s  t h a t  aeR has  no e f f e c t  on t h e  r e l a t i v e  magni- 

t u d e s  of  t h e  d i f f e r e n t  impedance c o n t r i b u t i o n s .  I n  Tables  2 and 3 t h e  

e f f e c t s  of a R and X a r e  i l l u s t r a t e d .  I t  can be seen  t h a t  i n  t h e  co ld  

plasma l i m i t  ( c / u  >>1, or ci R >>1) t h a t  plasma waves have l i t t l e  
P 

P 

,- 
L It  w i l l  be shown l a t e r  t h a t  plasma waves have an apprec i ab le  effect  
on impedance i f  t h e  a c o u s t i c a l  phase l e n g t h  i s  approximately 50 or 
smaller. 

i 
I 
I 
I 
a 
I: 
I 
1 
I 
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I 
I 

ZJEI.1 

j 798 

j 958 

j 1198 

j 1597 

j 2395 

j 2994 

j 4790 

j 11975 

j 12282 

j 12605 

j 12946 

j 13305 

j 13685 

j 14088 

j 14968 

j 15966 

j 17107 

j 18423 

j 19958 

j 21772 
j 23949 

j 47899 

j119750 

Table 2. E f f e c t s  of  c1 R on Impedance 
P 

X = 1.25, p = .05, c / u  = 100  

ZJP EF 
- - 

- j  81.8 - j  .7 

- j  119 - j  .9 

-j 188 - j  1.21 

-j 337 - j  1.75 

-j 756 -j 2.93 

-j 1158 -j 3.80 

-j 2690 -j 5.98 
- j  11072 -j 7.36 

-j 11468 -j 7.27 

- j  11885 -j 7.18 

- j  12327 -j 7.08 
- j  12796 - j  6.97 

- j  13292 - j  6.85 

-j 13820 -j 6.72 

- j  14980 -j 6.42 

-j 16302 -j 6.09 

- j  17821 - j  5.71 

-j 19581 - j  5.28 

-j 21642 - j  4.83 

-j 24085 - j  4.33 

- j  27021 - j  3.81 

- j  59320 - j  1.25 

- j  154920 -j .18 

in - 
j 716 

j 838 

j 1009 

j 1258 

j 1636 

j 1831 

j 2094 

j 895 

j 807 

j 712 

j 611 

j 503 

j 386 

j 261 

- j  18.3 

-j 342 

- j  720 

- j  1164 

-j 1689 

- j  2317 

-j 3076 

- j  11423 

-j 35176 

60 

50 

40 

30 

20 

16 

10 

4 

3.9 

3.8 

3.7 

3.6 

3.5 

3.4 

3.2 

3.0 

2.8 

2.6 

2.4 

2.2 

2.0 

1.0 

.4 



ZJEM - 
j 10710 
j 7573 

j 5355 

j 3387 

j 2395 

j 2284 

j 2186 

j 2142 

j 2101 

j 2061 

j 2024 

j 1956 

j 1837 

j 1694 

j 1198 

Table  3. Effects of X on Impedance 

a R = 10, P = .05, c / u  = 100 
P 

ZJP 
- 

-j 5052 
-j 3742 

-j 2887 

-j 2282 
-j 2152 

- j  2154 

-j 2161 

-j 2165 
-j 2170 

- j  2176 

-j 2182 

-j 2196 
-j 2228 

-j 2282 

-j 2690 

ZF 

- j  19.9 

-j 12.3 

-j 7.2 

-j 3.29 

-j 1.82 

-j 1.68 

- j  1.57 

-j 1.52 

-j 1.47 

-j 1.43 

-j 1.39 

-j 1.31 

-j 1.19 

- j  1.06 

-j .654 

'in 

j 5639 
j 3819 

j 2461 
j 1101 

j 241 

j 128 

j 24.0 

-j 24.6 

- j  71.2 

-j 116 

-j 160 

-j 242 

-j 392 

-j 590 

-j 1493 

40 

x 
- 

1.05 

1.1 

1.2 

1.5 

2.0 

2.1 

2.2 

2.25 

2.3 

2.35 

2.4 

2.5 

2.7 

3.0 

5.0 
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effect  on impedance, as  BJEM and ZF are  both a t  least  an o r d e r  of 

magnitude less than  Zin. 50 or l e s s  Z J P  and ZJEM 
P 

are  roughly t h e  same o r d e r  of magnitude, whereas BF i s  a t  l e a s t  t h r e e  

o r d e r s  o f  magnitude smaller. However, no te  t h a t  ZJEM and Z J P  are of 

o p p o s i t e  s i g n  and e v e n t u a l l y  appear t o  r each  some s o r t  of resonance 

where t h e y  c a n c e l  each o t h e r .  

Balmain's (1965) expres s ion  fo r  impedance. 

about  four orders of  magnitude smaller t h a n  ZJEM and ZJP and w i l l  

cause only a s l i g h t  s h i f t  i n  t h e  p o i n t  where resonance occur s .  

h igh ly  ques t ionab le  whether t h i s  would be n o t i c e a b l e .  Table 3 

e s s e n t i a l l y  i l l u s t r a t e s  t h e  same effect .  

For values  o f  a R 

This r e s u l t  was a l s o  ev iden t  i n  

I n  t h i s  r e g i o n  ZF i s  

I t  i s  

I n  conclusion it appears  as i f  t h e  induced a c o u s t i c  sou rces  

a long t h e  antenna s u r f a c e  have l i t t l e  e f f e c t  on impedance when w < o  . 
A s  expected,  t h e  plasma waves induced by t h e  c u r r e n t  d i s t r i b u t i o n  

s t r o n g l y  i n f l u e n c e  t h e  t o t a l  input  impedance when t h e  a c o u s t i c a l  

"phase length" of t h e  antenna i s  approximately 50 or smaller. 

P 

I n t u i t i v e l y ,  one would expect t h e  same r e s u l t s  when w>w . This  
P 

is indeed t h e  case as Tables 4-6 i n d i c a t e .  I n  t h i s  case t h e  resonance 

phenomena (=EM and ZJP cancel ing each o t h e r )  no longe r  appea r s .  

Under t h e s e  c o n d i t i o n s  t h e r e  i s  a l s o  an a p p r e c i a b l e  rea l  p a r t  t o . t h e  

antenna impedance when . 5  5 k R 5 60 ,  i n d i c a t i n g  t h e r e  is an appre- 

c i a b l e  amount of power r a d i a t e d  from t h e  antenna i n  t h e  form of a 

plasma wave. 

a r e  always approximately an order  o f  magnitude less than  ZJEM, Z J P ,  

and F3 and t h u s  it is  reasonable  t o  n e g l e c t  t h e  effect  o f  t h e  a c o u s t i c  

sou rces  on impedance. 

P 

Note t h a t  both t h e  r e a l  p a r t  and imaginary p a r t s  of Z F  

i n  



ZJEM 

-j 2186 

-j4373 

-j10931 

-j 21863 

-j43725 

-j109310 

- j  218630 

ZJEM 

-j729 

-j875 

-j 1093 

-j1458 

-j 2186 

- j4373 

-j10931 

- j 21863 

-j43725 

-j109310 
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Table 4. Effect of k R on Impedance 
X = .70, p = .05, k R = 20 

e 

P 

ZJP 

690-j 180 

1380-j 360 

3449-j 901 

6899-j1802 

13798-j 3603 

34494-j 9008 

68988-j18015 

ZF 

18.2tj45.5 

36tj 91 

91+ j 227 

182+j455 

363tj 910 

908tj2275 

1817+j4549 

- 
708-j2321 

1416-j4642 

3 540-j 11605 

7081-j 23210 

14160-j46420 

35400-j 116050 

70805- j 232090 

Table 5. Effect of k R on Impedance 
P 

X = . 7 0 ,  p = .05, C/U = 100 

BJP 
- 

ZFP 
- 

26.9tj26.7 4.01+j2.36 

2.8tj8.32 .0961+j .0714 

35.7-j77.5 2.3tj2.78 

219-j 201 9.8tj16.5 

690-j 180 18.2tj45.5 

1961tj 930 27.9tj119 

4767tj 6936 62.3-j 36 

3442+j 18118 .916tj 5.87 

1156tj33989 "0 

201tj 80988 =0 

.2 100 

.1 200 

.04 500 

.02 1000 

.01 2000 

.004 5000 

.002 10 , 000 

'in k R(keR=k R/lOO) 

30.9-j 700 60 

2.9-j 866 50 

38- j1168 40 

228-j1642 30 

708- j 2321 20 

1989-j3324 10 

4829-j4031 4 

3443-j3739 2 

1155-j 9736 1 

201-j28326 .4 



ZJEM 

- j  2525 

- j  2678 

- j  2863 

-j 3092 

- j  3387 

- j  3787 

- j 4 3 7 3  

- j 5355 

- j 7 5 7 3  

- j  10710 

- j  23949 
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Table 6. E f f e c t s  of X on Impedance 

k R 10, p =  .05, c /u  = 100 
P 

BJP 
- 

162+ j 76.7 

343+j163 

550+ j261  

792+j376 

1085+ j  515 

145  6+j 6 90 

1961+ j  930 

2745+j1302 

4367+ j  2071  

6519+j3092 

15191+ j7205 

ZF 
- 

3.8+j13 .1  

7 .33+ j  26.4 

10 .7+ j40 .1  

14.2+j55.0 

17.9+j71.9 

22 .3+ j92 .1  

27.9+ j 1 1 9  

36 .5+ j160 

54 .3+ j  244 

78 .6+ j  357 

1 7 9 + j  819 

Z .  in - 

1 6 6 - j  2435 

350- j2489  

5 6 1 - j 2 5 6 1  

807- j  2261  

1103- j2800  

1478- j3004  

1989- j3324  

2781- j3894 

4422- j5258 

6598- j7261  

15370- j  15925 

X 
- 
.1 

.2 

.3 

.4 

.5 

.6 

.7 

.8 

.9 

.95 

.99 
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111. THE IMPEDANCE OF A BICONICAL DIPOLE I N  A WARM PLASMA 

3.1 Formulation o f  t h e  Problem i n  a S p h e r i c a l  Geometry 

I n  t h e  previous s e c t i o n  t h e  impedance of  a c y l i n d r i c a l  d i p o l e  

was i n v e s t i g a t e d .  A v a r i a t i o n a l  express ion  w a s  de r ived  f o r  t h e  

impedance and hence, t h e  accuracy of  t h e  s o l u t i o n  i s  s t r o n g l y  dependent 

on how w e l l  one has guessed t h e  induced c u r r e n t  and p r e s s u r e  d i s t r i -  

bu t ion  along t h e  antenna.  

must so lve  a p a i r  o f  coupled i n t e g r a l  equa t ions .  

t h i s  i s  gene ra l ly  very d i f f i c u l t ,  and t h u s  one t ends  to look f o r  an 

e a s i e r  antenna model t o  ana lyze .  

I n  o rde r  t o  determine t h e s e  e x a c t l y ,  one 

A s  noted p rev ious ly ,  

Wait (1964) and G a l e j s  (1966) have i n v e s t i g a t e d  t h e  impedance 

p r o p e r t i e s  of a s l o t t e d  sphere  and a waveguide-backed i n f i n i t e  s l o t t e d  

p l ane ,  r e s p e c t i v e l y .  Due t o  t h e  c l o s e  s i m i l a r i t y  between a s l o t t e d  

sphere  antenna and a b i c o n i c a l  antenna as f a r  as t h e  e x t e r i o r  problem 

i s  concerned, t h i s  antenna w a s  decided upon. The b i c o n i c a l  d i p o l e  i n  

f r e e  space has been i n v e s t i g a t e d  e x t e n s i v e l y  by T a i  (1948, 19491, 

Schelkunoff (1946) and Smith (1947) by means of  modal s o l u t i o n s .  How- 

e v e r ,  it i s  no longer  p o s s i b l e  t o  o b t a i n  t h e s e  modal s o l u t i o n s  i n  a 

s imple way when t h e  antenna i s  immersed and everywhere i n  con tac t  wi th  

a w a r m  plasma. This  i s  due t o  t h e  fact  t h a t  t h e  EM and a c o u s t i c  waves 

have d i f f e r e n t  propagat ion  cons t an t s  (k  and k ) i n  t h e  r a d i a l  d i r e c -  

t i o n .  

P e 

I n  order  t o  circumvent t h i s  d i f f i c u l t y ,  t h i s  work w i l l  cons ide r  

a d i p o l e  surrounded by a d i e l e c t r i c  sphere  as shown i n  Figure 5 .  For 

wide ang le  d ipo le s  t h e  sphere  may be an  adequate  r e p r e s e n t a t i o n  of  
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Figure 5 .  Problem geometry 
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t h e  ion  sheath formed around t h e  antenna.  Moreover, t h e  geometry 

appears  f e a s i b l e  f o r  experimental  v e r i f i c a t i o n  by simply encasing t h e  

antenna i n  a s u i t a b l e  d i e l e c t r i c .  

t r a c t a b l e  mathematically and y i e l d s  some i n s i g h t  as t o  t h e  e f f e c t  of 

antenna s i z e ,  i on  shea th  s i z e  and plasma parameters  on antenna imped- 

ance.  I n  the fol lowing t h e  d i e l e c t r i c  r e g i o n  i s  assumed t o  be f r e e  

space,  but a s i m p l e  s u b s t i t u t i o n  y i e l d s  s o l u t i o n s  v a l i d  for any d i -  

e l e c t r i c .  

The boundary between t h e  d i e l e c t r i c  and t h e  plasma i s  assumed t o  be 

r i g i d  ( i . e . ,  t h e  mean r a d i a l  e l e c t r o n  v e l o c i t y  is  z e r o ) ,  which i s  a 

p h y s i c a l l y  reasonable  assumption. 

I n  any e v e n t ,  t h e  problem i s  

The  plasma model i s  t h e  same one as was used i n  Sec t ion  2 .  

A s  shown i n  Figure 5 ,  t h e  compressible  plasma occupies  a space 

e x t e r i o r  t o  a sphere of r a d i u s  R ( t h i n  an tenna )  or a ( t h i c k  a n t e n n a ) .  

Because o f  symmetry requirements ,  t h e  f i e l d s  w i l l  vary as f u n c t i o n s  

only of r and 8 i n  a s p h e r i c a l  geometry. 

w i l l  have only a I$ component. 

e x t e r i o r  problem f o r  a t h i n  antenna w i l l  be given b r i e f l y .  

t r ea tmen t  i s  given by Wait (1964) for a s l o t t e d  sphe re .  

The r e s u l t a n t  magnetic f i e l d  

I n  t h e  fol lowing t h e  t r ea tmen t  of t h e  

A similar 

From ( 2 - 7 )  and (2 -8 )  t h e  EM and a c o u s t i c  waves s a t i s f y  t h e  

fol lowing wave equa t ions  i n  a source f ree  r eg ion  

For t h e  case  of a s p h e r i c a l  geometry with t h e  symmetry c o n d i t i o n s  

imposed by a b i c o n i c a l  an tenna ,  t h e s e  reduce t o  
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a It  i s  easy  t o  show t h a t  r - lRk(ker )  w P k ( c o s  8 )  and r - l R  (k r )Pk(cos  0 )  

are solutions of (3-1) and (3-2) r e s p e c t i v e l y  where 

k P  
1 

2.- J 

I 1, y.j R ~ (  k =1p r>=  (k, , P  $q'L) 4. y L  pLe,Frj. k, i y+-  ' I '  

i s  a Hankel func t ion  of t h e  second kind (sat isf ies  r a d i a t i o n  cond i t ion  

a t  i n f i n i t y )  of  o rde r  k t 1 / 2  and P 

of  t h e  first kind.  Thus, H and P may be r ep resen ted  as 
6 

( cos  0 )  i s  a Legendre polynomial k 

where only  odd va lues  of k are requ i r ed  i n  t h e  summations due t o  

symmetry. 

from H and P i n  conjunct ion  with equa t ions  ( 2 - 1 )  - ( 2 - 5 ) .  I n  d e t e r -  

mining t h e  t e rmina l  admit tance only  t h e  va lues  of  v 

The remaining f i e l d s  i n  t h e  plasma reg ion  are d e r i v a b l e  

0 
and E0 w i l l  be r 

'Note k i s  an i n t e g e r  when it appears  without  a s u b s c r i p t ;  k 
propagat ion c o n s t a n t s .  

a r e  
e ,o ,p  
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r e q u i r e d .  They a r e  g iven  i n  a s p h e r i c a l  geometry by 

The unknown c o e f f i c i e n t s  b 

dent  of each o t h e r .  

and ck i n  ( 3 - 3 )  and (3-4) are not  indepen- k 
The r e d a t i o n s h i p  between t h e  two may be determined 

by invoking the r i g i d  boundary c o n d i t i o n  v 

(3-3) and (3-4)  i n t o  (3-6) y i e l d s  

= 0 a t  r = 2 .  S u b s t i t u t i n g  r 

+ € 0  C k  I 

where R I (kp r )  = 

equat ing t h e  above expres s ion  t o  ze ro  a t  r = R y i e l d s  t h e  d e s i r e d  

Rk ( k p r ) .  But v 0 a t  r = R and hence, k r 
P 

r e l a t i o n s h i p  between each i n d i v i d u a l  c 

gonal  n a t u r e  of  t h e  Legendre polynomials i n  t h e  range 0 < 0 < P. The 

r e l a t i o n s h i p  is 

and b because of t h e  o r tho -  k k 

- -  

a 

In t h e  following work t h e  only f i e l d  expres s ions  r e q u i r e d  i n  t h e  plasma 

r e g i o n  once c /b i s  known are those  for t h e  t a n g e n t i a l  e l e c t r i c  and 

magnetic f i e l d s .  H is g iven  by (3-3) while  E may be determined by 

k k  

4 8 
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s u b s t i t u t i n g  (3-31, (3-4) and ( 3 - 7 )  i n t o  (3 -5 ) .  A f t e r  some a l g e b r a i c  

s i m p l i f i c a t i o n ,  t h e  fol lowing expressions f o r  t h e  t a n g e n t i a l  e l e c t r i c  

and magnetic f i e l d s  i n  t h e  plasma r e g i o n  were de r ived .  

where Z = = wave impedance o f  t h e  plasma when r ep laced  by an  

e q u i v a l e n t  d i e l e c t r i c  of p e r m i t t i v i t y  E. 

3.2 The Thin B icon ica l  Dipole 

Equations (3-8) and (3-9) a r e  expressions f o r t h e  t a n g e n t i a l  

electric and magnetic f i e l d s  i n  t h e  plasma r e g i e 2  (11) 2s shown i n  

Figure 5 .  Because of t h e  s i m i l a r i t y  between t h e  problem t r e a t e d  he re  

and t h e  f r e e  space problem t r e a t e d  by T a i  (19481, h i s  n o t a t i o n  w i l l  be 

used where p o s s i b l e .  The modal s o l u t i o n s  i n  t h e  d i e l e c t r i c  r e g i o n ,  

which s a t i s f y  Maxwell's equat ions and t h e  boundary c o n d i t i o n s  E = 0 r 

- J z* -2- 
r r \  

are as given by T a i  (1948).  

tu- IW) e 
-j ko < r- R) 

LCl+K)/t) e 

(3-10 1 



50 

( 3-11) 

where V i s  a cons t an t  which is  p r o p o r t i o n a l  t o  t h e  i n p u t  v o l t a g e  a t  

t h e  apexes of t h e  cones,  Y 

c h a r a c t e r i s t i c  impedance o f  t h e  cones ( t h e  impedance o f  an  i n f i n i t e l y  

long antenna which i s  = (Zo/n). 

polynomial which van i shes  a t  8 

i s  t h e  t e r m i n a l  admi t tance ,  K i s  t h e  t 

8 
2 l o z  c o t  

~ / 2 ,  and T - 8  ( n  i s  n o t  an  i n t e g e r  i n  

) , Ln ( c o s  8 )  i s  a Legendre 

0' 0 

g e n e r a l ) ,  and 

where J 

The a are unknown c o n s t a n t s  which are t o  be determined.  

t a n g e n t i a l  magnetic f i e l d  ( equa t ing  (3-8) and (3-11) and i n t e g r a t i n g  

l ( k  r )  is a Bessel f u n c t i o n  of  t h e  f i rs t  k ind  o f  o r d e r  n t 1/2. n+- o 
2 

Matching t h e  n 

from 8 t o  n-8 y i e l d s  an  express ion  f o r  Y i n  terms o f  bk 
0 0 t 

(3-12) 

Once b i s  determined Y and a l s o  t h e  inpu t  impedance may be e a s i l y  

determined.  The s i m i l a r i t y  between Equat ions (3-81, (3-91, (3-101, 

(3-11) and T a i ' s  equa t ions  1, 2, 4 ,  5 ,  1 0  and 11 i n d i c a t e s  t h a t  bk may 

k t 



I 
I -  
I 
1 
8 
1 
B 
I 
I 
I 
8 
1 
1 
I 
I 
I 
1 
I 
I 
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be solved f o r  i n  a s imilar  manner t o  t h a t  used by T a i  f o r  a bicone i n  

free space.  This  i s ,  indeed, the case; however, it is much easier t o  

s o l v e  f o r  b 

Matching H 

by immediately invoking t h e  small ang le  c r i t e r i o n .  k 

from eo t o  IT-@ + 0 
a t  r = R y i e l d s  

dLm(cos e )  , us ing  o r t h o g o n a l i t y  p r o p e r t i e s  of Mult iplying by s i n  (8) 

t h e  Legendre f u n c t i o n s  and i n t e g r a t i n g  from 8 t o  T-8  y i e l d s  

dB 

0 0 

A0 

where = cos ( 8 ) .  But t h e  numbers m approach 1 , 3 , 5 , . . .  as 8 +O and 

t h e  f u n c t i o n s  L ( u )  become very much l i k e  P,(u), P3(u) ,... except  nea r  

9 arid i i - 8  . Eeiice, a + h m + k as f! + 0.  
0 0 m uk’  0 

Matching E from 8 t o  T-8  a t  r = R y i e l d s  

0 

m 

8 0 0 
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, where s = 1 , 3  ,... and i n t e g r a t i n g  

t h e  r i g h t  from 0 -f n (as  E e  = 0 on t h e  

dPs(cos 8 )  
d8 

0 0 ,  

Mult iplying by s i n  

t h e  l e f t  s i d e  from 8 t o  n-8 

s p h e r i c a l  caps) y i e l d s  

but  a s  before  i n  t h e  l i m i t i n g  case  of  a t h i n  d i p o l e  n -f s ,  Ln -+ Ps ,  as 

-+ 0 and the  above equat ion  becomes 

Solving (3-13) f o r  bk and s u b s t i t u t i n g  i n t o  (3-12) y i e l d s  

(3-14) 
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where 

(3-15) 

If a l l  temperature  effects are  neg lec t ed ,  i . e . ,  t h e  plasma i s  

rep laced  by a d i e l e c t r i c  wi th  p e r m i t t i v i t y E : , o n l y  t h e  first two terms 

would be p re sen t  i n  A 

or a c o u s t i c  wave e f f e c t s .  Note t h a t  t h e  first two terms i n  (3-15)  

Hence, the t h i r d  t e r m  i n  A r e p r e s e n t s  plasma k' , k  

check w i t h  T a i l s  equat ion  ( 3 1 )  as  expected.  A s  t hey  s t a n d ,  (3-14) and 

(3-15) y i e l d  no immediate information.  A computer w a s  used t o  sum t h e  

s e r i e s  and t h e  r e s u l t s  are  given i n  Sec t ion  3 .4 .  However, it i s  

p o s s i b l e  t o  g e t  a g r o s s  e s t ima te  o f  t h e  impedance behavior  by looking 

a t  some l i m i t i n g  va lues  for k R ,  k R and koR, 

Case I 
e P  

k e g ,  k 9. and k R <<1 
0 P 

I n  t h i s  case t h e  l i m i t i n g  va lues  of  t h e  s p h e r i c a l  Besse l  f u n c t i o n s  

are  as given i n  Abramowitz (1965) .  

G I,\ 
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Using t h e s e  va lues  it i s  easy  t o  show t h a t  

All of t h e s e  terms are approximately t h e  same o r d e r  of magnitude except  

when X 1. Hence, t h e  a c o u s t i c  wave has  a s t r o n g  in f luence  on impe- 

dance under these  c o n d i t i o n s  and appears  t o  be dominant near  t h e  plasma 

frequency (X 1). However, t h i s  t rea tment  has  neglec ted  t h e  effects  

of Landau damping and i t s  v a l i d i t y  is ques t ionab le  a t  f r equenc ie s  nea r  

t h e  plasma frequency. 

Case I1 keR, k R <<1, k R >>1 
0 D 

~~ 

For l a r g e  arguments 

I n  t h i s  ca se  it can be shown t h a t  

and s i n c e  k R >>1, t h e  t h i r d  t e r m  w i l l  be n e g l i g i b l e  compared t o  t h e  

o t h e r s ,  ( i . e . ,  t h i s  i s  t h e  co ld  plasma l i m i t ,  as  k R > > k  R imp l i e s  
P 

P e 

c / u  >>1). 
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Case I11 k R, koR, k R >>l 
e P 

Here one f i n d s  

-I  

and thus  t h e  t h i r d  t e r m  w i l l  be n e g l i g i b l e .  

are n e g l i g i b l e  for e l e c t r i c a l l y  l a r g e  an tennas  (k R >>1). 

3 . 3  The Thick Biconica l  Dipole 

Hence, a c o u s t i c  effects  

e 

A s  i n  Sec t ion  3 . 2 ,  express ions  f o r  t h e  t a n g e n t i a l  e lec t r ic  and 

magnetic f i e l d s  i n  reg ions  I ,  I1 and I11 as shown i n  Figure 5b w i l l  

be r equ i r ed  i n  o rde r  t o  determine t h e  antenna impedance. The f i e l d  

expres s ions  f o r  r eg ion  I11 are  the  same as those  i n  Equat ions (3-8) 

and (3-9) i f  R is  rep laced  by a .  b is  a l s o  r ep laced  by d i n  t h i s  

case. Hence, i n  r eg ion  I11 

k k 

( 3-18 ) 

I n  r eg ion  I t h e  f i e l d  express ions ,  which s a t i s f y  t h e  boundary 

cond i t ions  and symmetry requirements  imposed by t h e  b i c o n i c a l  an tenna ,  

are given i n  T a i  (1949) 
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(3-20) 

(3-21) 

where a l l  symbols are as p rev ious ly  def ined  and I 0 i s  a cons t an t  pro- 

p o r t i o n a l  t o  t h e  antenna input  c u r r e n t .  S i m i l a r l y  i n  r eg ion  I1 

Equat ions (3-18) - (3-23) con ta in  f o u r  

of t h e s e  may be e l imina ted  on applying 

(3-23 ) 

unknown a k '  bky ck and dk. 

t h e  appropr i a t e  boundary 

Two 

I 
I 
1 
I 
1 
I 

I 
I 
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cond i t ions  a t  t h e  d ie lec t r ic -p lasma boundary, r = a .  The c o n t i n u i t y  

of H impl ies  t h a t  0 

But due t o  t h e  o r thogona l i ty  p r o p e r t i e s  of t h e  Legendre polynomials 

t h i s  reduces  t o  

S i m i l a r l y  t h e  c o n t i n u i t y  of E a t  r = a y i e l d s  ano the r  equat ion  
9 

(3-24) 

(3-25) 

On so lv ing  f o r  c i n  terms o f  b one f i n d s  k k 

(3-26) 
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where 

The second term i n  t h e  above express ion  for r e p r e s e n t s  a c o u s t i c  

e f f e c t s .  

wi th  a d i e l e c t r i c  o f  r e l a t i v e  p e r m i t t i v i t y  ( 1 - X ) .  On s u b s t i t u t i n g  

V b 

convenience,  t h e  fo l lowing  express ions  are obta ined  for t h e  t a n g e n t i a l  

e l e c t r i c  and magnetic f i e l d s .  I n  reg ion  I 

k 

Equating it t o  zero  i s  equ iva len t  t o  r e p l a c i n g  t h e  plasma 

for ck i n  (3-22) and (3-23) and r e w r i t i n g  (3-20) and (3-21) f o r  
k k  

? P  --I 

I n  r eg ion  I1 

(3-28) 

(3-29) 

- 1  
8 
I 
1 
I 
I 
I 
I 
I 
I 
I 
I 
I 
a 
D 
D 
I 
I 
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These equa t ions  are t h e  same as Tai's (1949)  equa t ions  (1) - ( 4 )  except  

for t h e  a d d i t i o n a l  Vk term i n  (3-30) and (3-31). On l e t t i n g  a t e n d  

t o  i n f i n i t y  and in t roduc ing  a small loss i n t o  t h e  medium, it may be 

e a s i l y  v e r i f i e d  t h a t  Vk t ends  t o  z e r o ,  t h u s  y i e l d i n g  Tai 's  (1949)  

r e s u l t .  A t  p r e s e n t  a method t o  determine t h e  unknown c o n s t a n t s  a 

and bk i s  unknown except f o r  t he  case of t h e  very t h i n  d i p o l e  t r e a t e d  

i n  Sec t ion  3.2.  However, an i n t e g r a l  equa t ion  may be e a s i l y  de r ived  

f o r  t h e  t a n g e n t i a l  e l e c t r i c  f i e l d  a t  r = R. 

equa t ion ,  it is  p o s s i b l e  t o  de r ive  a v a r i a t i o n a l  expres s ion  f o r  Y 

Due t o  t h e  s i m i l a r i t y  of T a i ' s  equat ions (1) - ( 4 )  and Equations (3-28) 

- (3-31) only a b r i e f  o u t l i n e  of t h e  procedure i s  given h e r e .  

n 

Using t h i s  i n t e g r a l  

t '  

For convenience i n  w r i t i n g ,  t h e  fo l lowing  d e f i n i t i o n s  w i l l  be 

introduced 



6 0  

The con t inu i ty  of t h e  t a n g e n t i a l  e l e c t r i c  f i e l d  a t  r = R y i e l d s  

t h e  fo l lowing  equat ions  

and 

(3-33 ) 

where E ( 8 )  i s  t h e  t a n g e n t i a l  e l e c t r i c  f i e l d  i n  t h e  a p e r t u r e  8 < 8 < a 0 -  - 

.rr-8 a t  r = R .  

from 0 t o  IT and apply ing  t h e  o r thogona l i ty  p r o p e r t i e s  of  P k t ( c o s  8 )  

Mult iplying (3-32) by P r ' ( c o s  8 )  s i n  8 and i n t e g r a t i n g  
0 

over t h i s  range y i e l d s  

where r = 1 , 3 , .  . . 
I n t e g r a t i n g  (3-33) from B o  t o  IT - 8 0 y i e l d s  a r e l a t i o n s h i p  

between I and Ea(8) 
0 

(3-35 

Mul t ip ly ing  (3-33) by Lmt (cos  8 )  s i n  8 and i n t e g r a t i n g  from 8 0 t o  v-8 0 
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On matching t h e  t a n g e n t i a l  magnetic f i e l d s  i n  r eg ions  I and I1 

(equat ing  (3 -29)  and (3-31) a t  r = R and s u b s t i t u t i n g  f o r  b 

a 

I and r '  o 

from (3-34) - ( 3 - 3 6 )  t h e  fol lowing i n t e g r a l  equat ion  for E ( 8 )  
m a 

r e s u l t s  
T-4, 

Mult ip ly ing  ( 3 - 3 7 )  by E ( 0 )  s i n  8 and i n t e g r a t i n g  from 8 a 0 0 
t o  IT - 8 

y i e l d s  t h e  v a r i a t i o n a l  s ta tement  f o r  t h e  t e r m i n a l  admi t tance  Y 

of  t h e  a p e r t u r e  f i e l d  E ( e ) .  

i n  terms t 

a 

0 
t 

I 
h 

I 

( 3-38) 
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To eva lua te  Y as g iven  i n  (3-38) an  a p p r o p r i a t e  t r i a l  f u n c t i o n  

a a 

t 

must be chosen f o r  E ( e ) .  I n  theo ry  one could expand E ( e )  i n  a com- 

p l e t e  s e t  of  or thogonal  f u n c t i o n s  and so lve  f o r  t h e  expansion c o e f f i -  

c i e n t s  us ing  the Rayleigh-Ritz procedure.  The fo l lowing  se t  immediately 

sugges ts  i t s e l f  

(3-39) 

Note (3-39) g ives  r i s e  t o  a f i e l d  of t h e  same form as  i n  (3-28) .  

o r d e r  t o  s impl i fy  the mathematics,  cons ider  on ly  t h e  first term i n  

(3-39) as a f irst  approximation t o  E ( e ) .  I n  o r d e r  t o  j u s t i f y  t h i s  

assumption one could t r u n c a t e  t h e  s e r i e s  i n  (3-39) a f t e r  a f i n i t e  

number of  terms and compare t h e  r e s u l t s .  However, t h i s  i s  a t e d i o u s  

process  a t  b e s t .  T a i  (1949) has  found t h a t  t h e  above approximation 

y i e l d s  r e l i a b l e  r e s u l t s  f o r  wide angle  b i c o n i c a l  d i p o l e s  i n  free 

I n  

a 

space .  

On t h e  o the r  hand, Galejs (1966) has  found f o r  a waveguide-backed 

s l o t t e d  p lane  t h a t  t h e  i n c l u s i o n  of a second t r i a l  f u n c t i o n  which 

v a r i e s  over  t he  waveguide a p e r t u r e  i n  t h e  same way as t h e  s u r f a c e  wave, 

supported by t h i s  geometry i n  a d d i t i o n  t o  t h e  p r i n c i p a l  waveguide mode 

as a first t r i a l  f u n c t i o n ,  has  a pronounced e f f e c t  on t h e  s l o t  admit-  

t ance .  

us ing  t h e  above f i rs t  o r d e r  approximation are i n  e x c e l l e n t  q u a l i t a t i v e  

agreement. Acoustic effects  are a l s o  q u i t e  n o t i c e a b l e ,  whereas Galejs 

found t h a t  t h e  p r i n c i p a l  waveguide mode a lone  as a t r i a l  f u n c t i o n  had 

no apprec iab le  a c o u s t i c  e f f e c t  i n  many cases. 

However, t h e  r e s u l t s  for a t h i n  antenna and a t h i c k  antenna 

This  i s  p a r t i a l l y  due 
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I 
c 
8 
li 
I 
8 

1 
I 
E 
c 
1 
0 

t o  t h e  f a c t  t h a t  f o r  k a >>l a c o u s t i c  e f f e c t s  are s l i g h t .  The s l o t t e d  

p lane  problem is t h u s  s i m i l a r  t o  a bicone of  i n f i n i t e  r a d i u s .  

very  l a r g e  bicones (k a >>1) t h e  su r face  wave c o n t r i b u t i o n  should be 

cons idered .  On s u b s t i t u t i n g  E ( 0 )  = -A / s i n  8 i n t o  (3-381, t h e  

fo l lowing  f i r s t  o rde r  approximation was obta ined  f o r  Y 

P 
For  

P 

a 0 

t 

( 3-40) 

If V k 

(19). 

is ze ro ,  this express ion  is i d e n t i c a l  wi th  Ta i l s  (1949) equat ion  

(3-40) is  t h e  first o r d e r  approximation f o r  Y J u s t  as i n  t h e  t '  

case o f  t h e  t h i n  d i p o l e ,  l i m i t i n g  va lues  o f  k a ,  k a and k a y i e l d  

some i n s i g h t  as t o  when a c o u s t i c  e f f e c t s  are impor tan t .  

e f fec ts  in f luence  t h e  impedance only  through t h e  expres s ion  f o r  

e P  0 

Acoust ic  

k 
(3-27) 

If a c o u s t i c  e f f e c t s  are  neglected ( t h a t  i s ,  t h e  plasma i s  r ep laced  

simply by a d i e l e c t r i c  wi th  r e l a t i v e  p e r m i t t i v i t y  ( 1 - X ) )  t h e  only  

changes i n  t h e  above s o l u t i o n  f o r  Y 

express ion  f o r  E = 0 .  

d i p o l e .  

are  t h a t  t h e  second term i n  t h e  t 

Consider t h r e e  cases as i n  t h e  case of  a t h i n  k 
I n  Case I ,  kea ,  k a ,  k a << 1; then  by analogy with (3-16) ,  

P O  
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and t h e  acous t i c  waves s t r o n g l y  inf luence  t h e  impedance as both terms 

are t h e  same order  of magnitude. S i m i l a r l y  for Case 11, k e a ,  k a <<  1, 
0 

k a >’ 1, 
P 

Now t h e  second term i s  much smaller than  t h e  f irst  and can be 

neg lec t ed .  For  Case 111, k a ,  k a ,  k a n 1, 
e p o  

and as i n  t h e  t h i n  d i p o l e  case a c o u s t i c  e f f e c t s  a r e  n e g l i g i b l e  i n  t h i s  

r eg ion .  

3.4 Numerical Computations and Discussion of R e s u l t s  

Equations ( 3 - 1 4 )  and (3-40)  c o n s t i t u t e  formal  s o l u t i o n s  f o r  t h e  

t e rmina l  admittance of  t h i n  and wide ang le  b i c o n i c a l  d i p o l e s .  

t h e  t e rmina l  admit tance is known, t h e  inpu t  impedance may be determined 

as i n  Schelkunoff ( 1 9 5 2 ) .  I n  a manner s imilar  t o  t h a t  used i n  d e t e r -  

mining t h e  behavior of Y 

can be shown t h a t  t h e  i n d i v i d u a l  terms i n  (3-14) and (3-40) behave as 

Once 

f o r  l i m i t i n g  va lues  of  k a ,  k a and k a it 
t 0 e P 

l/k‘ if k > >  k a ,  k a and k a .  Since t h e  series 
0 e P 

t o  about 1 percent ,  t h e  series i n  (3-14) and (3-40) were a l s o  summed 

by t ak ing  t h e  f irst  f i f t y  terms i n  t h e  series.  The s e r i e s  were summed 
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on a d i g i t a l  computer which w a s  programmed t o  p r i n t  ou t  each term and 

t h e  t o t a l  sum. For values  of k a 2 25 t h e  f i f t i e t h  t e r m  i n  t h e  ser ies  

w a s  a t  least  two o r d e r s  of  magnitude smaller than  t h e  sum of t h e  f i rs t  

f i f t y  terms, which is  a q u i t e  s a t i s f a c t o r y  percentage  of  e r r o r .  

g e n e r a l  it appears  as i f  t h e  number of  terms necessary  f o r  convergence 

is 2 k a .  However, i t  has  been shown p rev ious ly  t h a t  a c o u s t i c  effects  

are n e g l i g i b l e  for large va lues  o f  k a and t h u s  t h e  first f i f t y  terms 

i n  t h e  series again g i v e s  s a t i s f a c t o r y  r e s u l t s .  

graphs t h e r e  is a range, i n  which 25 5 k a 5 50,  where no va lues  were 

computed. However, t h i s  p re sen t s  no problems as t h e  g e n e r a l  t r e n d  of 

t h e  s i t u a t i o n  i s  ind ica t ed  qu i t e  c l e a r l y  by t h e  d a t a  obta ined  over  t h e  

o t h e r  ranges .  

P 

I n  

P 

P 
Thus, i n  a l l  t h e  

P 

The primary d i f f i c u l t y  i n  summing t h e  s e r i e s  l i e s  i n  computing 

t h e  s p h e r i c a l  Bessel func t ions  t o  a s u f f i c i e n t  degree of accuracy.  A 

procedure o u t l i n e d  by Weeks (1958) i n  which a s t r a igh t fo rward  upward 

r e c u r s i o n  scheme i s  used t o  compute t h e  Y and a downward scheme f o r  

t h e  Jn+s w a s  found t o  y i e l d  e x c e l l e n t  r e s u l t s .  

n+& 

The r e s u l t s  a r e  presented  i n  F igures  6-18. I n  a l l  c a s e s  Y w a s  

found t o  be s e n s i t i v e  t o  small changes i n  k R as t h i s  corresponds t o  

a l a r g e  change i n  k R .  To improve t h e  r e a d i b i l i t y  of t h e  f i g u r e s ,  on ly  

a f e w  o s c i l l a t i o n s  are shown on each graph.  I n  a l l  of  t h e  f i g u r e s  t h e  

s u b s c r i p t  a denotes  t h e  inc lus ion  o f  a c o u s t i c  effects ,  while  t h e  sub- 

s c r i p t  d denotes  replacement of t h e  plasma by an equ iva len t  d i e l e c t r i c .  

t 

0 

P 

Figures  6 and 7 a r e  p l o t s  of K 2  Y and Z ve r sus  k R f o r  s e v e r a l  t i n  0 

va lues  of X. 

v e l o c i t y  i n  t h e  gas  is 1 0 0 .  

The r a t i o  of  t h e  v e l o c i t y  of  l i g h t  t o  t h e  a c o u s t i c  

It can be seen  t h a t  as X approaches one 
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2 F igure  6 .  K Yt = G t j B for a t h i n  b i c o n i c a l  antenna 
a >d a ,d 

r a d i a t i n g  i n t o  a w a r m  plasma 
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= R t j X for a t h i n  b i c o n i c a l  antenna 
'in a , d  a , d  Figure 7 .  

r a d i a t i n g  i n t o  a w a r m  plasma, K = 500 ohms 
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( i . e . ,  t h e  opera t ing  frequency of t h e  antenna approaches t h e  plasma 

f requency) ,  a c o u s t i c  e f f e c t s  a r e  more pronounced. Only va lues  of X 

less than  one were cons idered ,  as no a p p r e c i a b l e  r a d i a t i o n  occurs  f o r  

X g r e a t e r  than one. The r ea l  p a r t  of K2 Y ( G )  i s  markedly changed i n  

a l l  cases if k R < .3 ;  t h e  imaginary p a r t  (B) a l s o  undergoes a s l i g h t  

change i n  some cases. However, even though G may be s e v e r a l  o r d e r s  

of  magnitude greater than  G 

t o  B . Furthermore, even though G and B may be t h e  same o r d e r  of 

magnitude, R ( t h e  r e a l  p a r t  of Z may be much smaller than  X ( t h e  

imaginary pa r t  o f  Z 

t h i n  d i p o l e s .  For example, when X = . 7 ,  t h e  maximum va lues  of  G /B 

(.4) and Ra/Xa(.04) occur  when k R 

appears  t o  be l a r g e  enough t o  make a c o u s t i c  e f f e c t s  measurable.  I n  

many o t h e r  cases ,  however, even though R 

power r a d i a t e d  i s  much g r e a t e r  than  t h e  EM power),  it i s  s t i l l  so  small 

with r e s p e c t  t o  X t h a t  t h e  e f f e c t  w i l l  no t  be observable .  

t 

0 -  

a 

G may s t i l l  be n e g l i g i b l e  wi th  r e s p e c t  d’ a 

a a a 

a i n  a 

due t o  t h e  r e l a t i v e l y  l a r g e  va lue  of  K f o r  i n  

a a  

.05, k R 2 2.5 .  I n  t h i s  case  R 
0 P a 

>> Rd ( i n d i c a t i n g  t h e  a c o u s t i c  a 

a 

F igures  8 and 9 a r e  s imilar  t o  6 and 7 .  However, a c o u s t i c  e f f e c t s  

a r e  reduced over t h i s  range of k R as c /u  has  inc reased  by a f a c t o r  

of t e n  (we are  approaching t h e  co ld  plasma l i m i t ) .  

maximum value o f  R /X ( .025)  occurs  f o r  X = .7 a t  k R .01, 

k R 5.5.  However, by going t o  a smal le r  va lue  of  k R t h i s  would 

i n c r e a s e .  Acoustic e f f e c t s  seem t o  be most pronounced i f  1 5 k R 5 3 

as i s  ind ica t ed  i n  t h e  fo l lowing .  

0 

I n  f a c t ,  now t h e  

a a  0 

P 0 

P 

From t h e  previous  comments, it i s  obvious t h a t  antenna impedance 

depends s t rong ly  on t h e  a c o u s t i c  l e n g t h  of t h e  antenna i n  a d d i t i o n  t o  

t h e  e l e c t r i c a l  l e n g t h .  I n  o rde r  t o  i l l u s t r a t e  t h i s  dependence 
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2 Figure 8. K Yt = G + j B f o r  a thin biconical antenna 
a ,d 2 ,d 

radiating into a warm plasma 
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2 e x p l i c i t l y ,  F igures  1 0  and 11 were p l o t t e d .  

and Z 

f i x e d  va lues  of  k R .  

and R / X  ( =  1 / 2 0 )  occur  f o r  c/u a 1 1 0  or k R 1 . 2 0 .  A t  c /u  = 1 0 0 0 ,  

= 1 / 7 0  and Xa ' Xd; hence, it appears  as i f  a c o u s t i c  waves w i l l  Ra/Xa 

be n e g l i g i b l e  i n  t h i s  case for c/u 2 1000 .  For k R = .2 t h e  maximum 

va lues  of Ga/B, ( "  1/3) and Ra/X, ( "  1 / 2 0 )  occur  a t  c /u  " 11 o r  k R 

1 .20 .  In  this case a c o u s t i c  waves are n e g l i g i b l e  i f  c /u  100.  For 

They are p l o t s  of K Yt 

versus  c /u  (which i s  equiva len t  t o  varying k R) f o r  s e v e r a l  
i n  P 

For k R = .02 t h e  maximum va lues  of  Ga/Ba ( =  1/31  
0 0 

a a  P 

0 

P 

k R 2 ,  t h e  impedance e x h i b i t s  a c o u s t i c  effects only  f o r  va lues  of  

c / u  5 1 0 .  I n  conclusion it appears  as i f  a c o u s t i c  waves have a 

0 

n o t i c e a b l e  e f f e c t  on impedance if k R 5 . 5  and . 5  5 k R 5 lo., as f o r  

a t h i n  antenna 1 / 5 0  5 R / X  
0 P 

5 1 / 2 0 ,  over  t h i s  r ange ,  Ra > >  R and a a  d 

xa = Xd.  

A s  noted p rev ious ly ,  t h e  high c h a r a c t e r i s t i c  impedance of  a t h i n  

antenna may l e a d  t o  a seemingly s i g n i f i c a n t  change i n  Y 

app rec i ab le  change i n  e .  . Thus, it appears  as i f  a wide angle  antenna 

w i l l  be more s e n s i t i v e  t o  acous t i c  e f f e c t s .  This  i s  indeed t h e  case 

and no t 

i n  

as F igures  12-18 i n d i c a t e .  The q u a l i t a t i v e  changes are t h e  same, 

however. For t h e  t h i n  antenna t h e  maximum value  f o r  R /X was approx- 

imate ly  1 / 2 0 .  

a a  

Figures  1 2  and 1 3  are f o r  a wide ang le  antenna of  

ha l f - ang le  8 = 66.06O. 

of G a / B a ( > l )  and Ra/Xa(" 1 / 2 1  were obta ined .  

of  koR > .01 i nc reas ing  c /u  from 1 0 0  t o  1000  caused a decrease  i n  

a c o u s t i c  e f f e c t s .  However, even f o r  c / u  1 0 0 0 ,  Ra/Xa a 1 / 2 0  f o r  

k R .01. 

I n  t h i s  case f o r  X = . 7 ,  a = R ,  maximum va lues  
0 

A s  be fo re ,  f o r  va lues  

0 
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Figures  1 2  and 1 3  a l s o  show t h e  e f f e c t s  of  an i o n  shea th .  The 

sheathed antenna (a  1 . 2  R) has  a lower G and R i n d i c a t i n g  a decrease  

i n  t h e  amount of a c o u s t i c  power r a d i a t e d .  The curves  a r e  a l s o  smoother. 

Figure 14  conta ins  more d e t a i l e d  informat ion  on s h e a t h  e f f e c t s .  

14 a , c , d  i n d i c a t e  a r educ t ion  i n  R as t h e  shea th  s i z e  i n c r e a s e s  as a 

do Seshadr i  (1965) ,Galejs  (1966) and Wait (1964) .  I n  14c an i n c r e a s e  

i n  shea th  s i z e  causes  X t o  approach X 14b i l l u s t r a t e s  shea th  effects  

f o r  a case  where a c o u s t i c  waves are  n e g l i g i b l e .  

d i f f e r e n t  i n  t h i s  case. 

a a '  

a d '  

The e f fec ts  are q u i t e  

F igures  15 and 1 6  a r e  s imilar  t o  1 0  and 11; however, a c o u s t i c  

e f f e c t s  are  more pronounced. 

q u i t e  no t i ceab le  change i n  X for c e r t a i n  parameter r anges .  F o r  a = R, 

k R = .02, 1 / 2 0  2 R,/Xa 5 1 / 2  i f  50 2 c /u  5 1000  or . 55  5 k R 5 11. 

A similar curve p l o t t e d  for k R = .01 (F igu res  17 and 1 8 )  shows 1 / 2 0  2 

Note t h a t  a c o u s t i c  waves a l s o  cause a 

a 

0 P 

0 

5 1/2 if 70 5 c / u  5 2000.  If k R = . 2 ,  t h e  upper l i m i t  c /u  i n  Ra/Xa 0 

o r d e r  for Ra/Xa 2 1 / 2 0  i s  c /u  5 100 .  

t h e r e  w i l l  be apprec i ab le  a c o u s t i c  power r a d i a t e d  ( i . e . ,  Ra/Xa 2 1 / 2 0 )  

i f  .50  5 k R 2 1 0  for t h i s  p a r t i c u l a r  antenna.  

I n  conclus ion  it appears  t h a t  

P 
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I V .  CONCLUSION 

This  work p r e s e n t s  s o l u t i o n s  f o r  t h e  impedance of some d i p o l e  

an tennas  i n  a w a r m  plasma. 

meters ,  i o n  shea th  s i z e  and induced a c o u s t i c  sou rces  a t  t h e  antenna 

s u r f a c e  were i n v e s t i g a t e d  and ex tens ive  numerical  r e s u l t s  p re sen ted .  

A l i n e a r i z e d  hydrodynamic d e s c r i p t i o n  was used f o r  t h e  plasma wi th  

temperature e f f e c t s  accounted f o r  by a s c a l a r  i s o t r o p i c  p r e s s u r e .  

effects  of c o l l i s i o n s  were neglec ted  because o f  t h e  r e s u l t i n g  s impl i -  

f i c a t i o n  i n  t h e  numerical  computations.  However, t h i s  should cause 

l i t t l e  change i n  t h e  o v e r a l l  e f f e c t s  o f  "plasma" waves on impedance; 

of  cour se ,  i t  w i l l  change t h e  q u a n t i t a t i v e  r e s u l t s .  The r e s u l t s ,  of  

course ,  are a p p l i c a b l e  only  when t h e  e f f e c t  of c o l l i s i o n s  is  s m a l l .  

The effects  of  antenna s i z e ,  plasma para-  

The 

I n  Sec t ion  2 ,  t h e  e f f e c t s  of t h e  induced a c o u s t i c  sources  a long  

t h e  s u r f a c e  of a c y l i n d r i c a l  d i p o l e  on impedance were determined. T o  

t h e  b e s t  of  t h i s  a u t h o r ' s  knowledge, t h e s e  effects  have n o t  been pre-  

v i o u s l y  inves t iga t ed .  

i n  a w a r m  plasma. 

aP> a t  t h e  antenna s u r f a c e ,  a s t a t i o n a r y  formula was der ived  f o r  t h e  

antenna impedance. The s t a t i o n a r y  q u a l i t y  of  t h e  express ion  is due 

t o  r e c i p r o c i t y .  The primary b e n e f i t  of t h i s  t ype  of  formula t ion  i s  

t h a t  one needs t o  only  guess  t h e  f u n c t i o n a l  form of  t h e  c u r r e n t  and 

fo rce  d i s t r i b u t i o n s  on t h e  antenna s u r f a c e  as t h e  express ion  i s  

independent of r e l a t i v e  magnitudes. ,  If one a t t empt s  t o  use  t h e  

"induced e m f "  method t o  compute impedance i n  a w a r m  plasma, it would 

be necessary  t o  s p e c i f y  both t h e  f u n c t i o n a l  form and t h e  r e l a t i v e  

A r e c i p r o c i t y  theorem w a s  de r ived  f o r  f i e l d s  
- 

On assuming an impedance boundary cond i t ion  ( A  v = 
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magnitudes of  t h e  c u r r e n t  and force  d i s t r i b u t i o n s  f o r  a r i g o r o u s  

s o l u t i o n .  A s  expected,  neglec t ing  t h e  f o r c e  term g ives  a r e s u l t  e x a c t l y  

t h e  same as t h e  "induced emf" method does i f  t h e  c u r r e n t  d i s t r i b u t i o n  

i s  r e a l .  

The r e s u l t s  ob ta ined  i n  Sect ion 2 i n d i c a t e  t h a t  f o r  t h e  type  of  

f o r c e  d i s t r i b u t i o n  used,  i t s  e f f e c t s  on impedance are q u i t e  s m a l l .  

However, t h e  "plasma" wave due t o  t h e  assumed t r i a n g u l a r  c u r r e n t  

d i s t r i b u t i o n  had a marked effect on impedance i n  some cases. 

though t h e  antenna was e l e c t r i c a l l y  s h o r t ,  it had an apprec i ab le  

r e s i s t a n c e  i n  some ins t ances  because of  t h e  power r a d i a t e d  i n  t h e  

"plasma" wave. Broadly speaking, t h i s  occured i f  w>w and . 5  5 k R 5 40. 

The imaginary p a r t  of t h e  impedance w a s  a l s o  a f f e c t e d  as long as 

k R < 40 ( o r  ci R 5 40)  i f  w<w . These r e s u l t s  are q u i t e  c o n s i s t e n t  

p h y s i c a l l y  as a co ld  plasma corresponds t o  t h e  l i m i t  k R -+ a. 

Even 

P P 

P "  P P 

P 
The s t a t i o n a r y  formula t ion  y i e l d s  no information about t h e  induced 

sources .  Due t o  t h e  s t r o n g  dependence o f  t h e  impedance on t h e  assumed 

form o f  t h e  induced source  d i s t r i b u t i o n s ,  a d i f f e r e n t  antenna model 

was used f o r  ob ta in ing  more d e t a i l e d  r e s u l t s .  

a n a l y s i s  f o r  a b i c o n i c a l  d ipo le .  

n i c e l y  t o  mathematical  a n a l y s i s  i n  f ree  space .  

t h e  same i n  t h e  case  of a warm p l a s m a  i f  t h e  antenna i s  encased i n  an 

i n s u l a t i n g  sphere of d i e l e c t r i c  material. 

t o  be f e a s i b l e  f o r  experimental  v e r i f i c a t i o n .  

p o s s i b l e  ( a l b e i t  h ighly  idea l i zed )  r e p r e s e n t a t i o n  f o r  t h e  a c t u a l  i on  

shea th  formed about t h e  antenna f o r  a wide-angle bicone.  

Sec t ion  3 con ta ins  an 

This  antenna l ends  i t s e l f  q u i t e  

I t  is p o s s i b l e  t o  do 

A s  such ,  t h i s  model appears  

Th i s  model i s  a l s o  a 



84 

For t h i s  model i t  is r e l a t i v e l y  easy t o  expand t h e  f i e l d s  i n  t h e  

antenna and plasma reg ion  as a s u p e r p o s i t i o n  of s u i t a b l e  "plasma" and 

"EM" modal s o l u t i o n s .  App l i ca t ion  of s u i t a b l e  boundary c o n d i t i o n s  

y i e l d s  a doubly i n f i n i t e  se t  of equa t ions  which are s o l u b l e  i n  t h e  

l i m i t i n g  case  of a very t h i n  antenna.  

g r a l  equat ion was de r ived  f o r  t h e  t a n g e n t i a l  e l ec t r i c  f i e l d  i n  t h e  

antenna a p e r t u r e .  

was de r ived  f o r  t h e  t e rmina l  admit tance.  I n  g e n e r a l ,  t h e  impedance 

behavior o f  a b i c o n i c a l  antenna i n  a w a r m  plasma may be summarized by: 

For wide-angle bicones an  i n t e -  

From t h i s  i n t e g r a l  equa t ion  a v a r i a t i o n a l  expres s ion  

1. 

2 .  

3 .  

4 .  

5. 

6 .  

If a c o u s t i c  e f f e c t s  a r e  n o t i c e a b l e ,  t h e y  become more pronounced 

as t h e  ope ra t ing  frequency o f  t h e  antenna approaches t h e  plasma 

frequency. 

If k R << 1 and k R <<  1, t h e  inpu t  impedance 

r e a c t i v e  bu t  may d i f f e r  from tna t  of t n e  same 

equivalent  d i e l e c t r i c .  

e P 
i s  e s s e n t i a l l y  

antenna i n  an  

If k R 2 2 ,  a c o u s t i c  e f f e c t s  are n e g l i g i b l e  f o r  c / u  2 1 0 .  

The occurrence of a c o u s t i c  e f f e c t s  depends s t r o n g l y  on c / u  

(or k a )  and k R .  I n  g e n e r a l  t hey  a f f e c t  t h e  r e s i s t a n c e  

s i g n i f i c a n t l y  i f  keR 2 1 and .5 5 k R < 2 0 ,  and t h e  capac i t ance  

i f  k R 5 5 0 .  

An inc rease  i n  ion  shea th  s i z e  causes  a dec rease  i n  R ( a l s o  

i n  tne amount of a c o u s t i c  power r a d i a t e d ) .  

Although a c o u s t i c  e f f e c t s  appear t o  s t r o n g l y  a f f e c t  Y t ,  t hey  

may have no s i g n i f i c a n t  e f f e c t  on S 

impedance of t h e  antenna i s  l a r g e .  

e 

P e 

P "  

P 

a 

i f  t h e  c h a r a c t e r i s t i c  i n  
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I t  has been shown t h a t  "plasma" waves cause q u i t e  a marked change 

i n  antenna impedance. Induced acous t i c  sou rces ,  on t h e  o t h e r  hand, 

appear  t o  have l i t t l e  e f f e c t  on t h e  impedance of a c y l i n d r i c a l  d i p o l e .  

However, it would be i n t e r e s t i n g  t o  compute t h e  impedance o f  a s l o t t e d  

sphere  antenna by means of t h e  v a r i a t i o n a l  formula der ived  i n  t h i s  

work and observe t h e  e f f e c t  of  t he  a c o u s t i c  sou rces  on impedance. I n  

t h i s  case it appears  as i f  they  should have a n o t i c e a b l e  effect .  I t  

a l s o  appears  as i f  t h e  v a r i a t i o n a l  techniques  developed he re in  could 

a l s o  be a p p l i e d  t o  s c a t t e r i n g  problems i n  a w a r m  plasma. 

would a l s o  be of i n t e r e s t  and importance t o  observe t h e  e f f e c t s  of  

t h e  induced a c o u s t i c  sources  on t h e  s c a t t e r e d  f i e l d s .  

Here it 
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